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Summary 
An experimental and theoretical study of horizontal-axis wind 
turbines is undertaken. 
The theoretical analyses cover the four major areas of 
aerodynamics, turbulence. aeroelasticity and blade optimisation. 
EXisting aerodynamic theories based on blade-element theory for 
predicting the loads on a wind turbine blade are reviewed and extended 
to include non-uniform flow, tip losses and the 'turbulent wake' state. 
A theoretical model based on a free vortex representation of a turbine 
wake is developed enabling the flow field within the vicinity of a 
turbine to be ascertained and also providing an important cross-check 
with the far simpler blade~lement theory. 
The turbulent variations in the wind velocity over the rotor swept 
area are considered and in particular their effects on the loads and 
available energy. 
A simple numerical solution of the dynamics of a two-bladed rotor 
is developed enabling the loads within the rotor blade to be determined 
and also those which are transferred to the supporting structure. Three 
rotor configurations are examined in detail; hingeless, hinged and 
teetered. 
The important problem of determining the appropriate blade shape 
for a particular application is considered. 
In parallel with the theoretical study an experimental program is 
also undertaken. This includes the design, construction and testing of 
three turbines. The design of these turbines embodies the results from 
2 
the theoretical studies. 
Wherever possible the experimental results derived from 
measurements made on the three experimental turbines are used to test 
the accuracy of the theoretical analyses. 
3 
List of symbols 
An attempt has been made to keep the definition of symbols unique and 
consistent with those used elsewhere. However, due to the wide range of 
subjects which are covered in this thesis a number of symbols are unavoidably 
redefined in some chapters and are indicated as such. 
A 
a 
a. 
~ 
A 
s 
A' 
a' 
a 
a 
A 
a 
B 
C 
ceZT 
·c 
C • 
p~ 
rotor swept area, ~R2 
axial interference factor, vJv . 
eo 
constant characterising the it~ mode shape 
cross-sectional area of aerofoil section 
wake expansion ratio, R'/R 
00 
tangential interference factor w/Qr 
variable used in 'cyclical' method of applying tip loss 
slope of lift-angle of attack curve 
= v/V cos y, Appendix C 
<Xl 
e w/(V"" sin y cos 8 - QrL) , Appendix C 
absolute acceleration, equation (6.8) 
acceleration vector 
number of blades 
constant = } p~R3/R 
cOnstant-chord zero-twist 
blade chord 
drag coefficient 
lift coefficient 
I 2 3 power coefficient, Power/2 p~R Voo 
1 2 3 instantaneous power coefficient, power/2 p~R Vi 
C pm 
CRPM 
CTSR 
C ;C ,e A 0" 'r (..l. 
C(8) 
D 
Dr 
dD(x ,A ) /dx 
o 
dFA 
dF 
t 
dL 
dm 
dQ 
dr 
dF 
--a 
dF 
~ 
dF. 
-L 
e 
EF 
EF 
1 2 3 
measured power coefficient, Power/- p~R V 2 m 
constant rotational speed 
cons ant tip speed ratio 
1 2 
starting torque coefficient, torque/I P~R3V~ 
thrust coefficient, Thrust/} P~R2V~ 
coefficients of aerodynamic forces 
tip vortex strength coefficient 
4 
coefficients of stress, bending, shearing, tensile, Appendix A 
tower blockage factor 
rotor diameter 
wake expansion ratio R'/R 
elemental thrust coefficient 
elemental torque coefficient 
elemental drag force 
equation (5.3) 
elemental component of force acting in the axial direction 
elemental component of force acting in the tangential direction 
elemental lift force 
elemental mass 
elemental component of torque rdF t 
elemental radius 
elemental aerodynamic force vector 
elemental gravity force vector 
elemental inertial force vector 
hinge off-set as a fraction of the blade radius 
extraction factor, equation (4.8) 
extraction factor, equation (5.15) 
(El) 
F 
f 
f 
f 
F(n) 
f 
o 
feE;) ~g(l;) 
G 
g 
gee) 
h 
h 
hi 
2 
IH(n) ! 
I 
i 
I I 
Y 
I yl z' 
I I Z 
J(1J) 
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stiffness 
tip loss factor 
variable used in Prandtl tip loss model, Chapter 2 
reduced frequency nhjV, Chapter 5 
forcing function, equation (6.15) 
spatial filter function, equation (5.23) 
blade rotational frequency 
forces in X,Y,Z directions 
constant used in equation (5.10) 
correlation functions, equation (5 .5) 
equation (6.4); also higher order tip loss factor, Chapter 2 
acceleration due to gravity 
maximum factional velocity deficit and half width of the 
the tower shadow 
angular variation of induced velocities 
distance from the veer axis to the hub as a fraction of 
the blade radius, Chapter 5 
height above · the ground, section 5.4.3<1 
vortex core radius 
square of gain function, equation (5.19) 
moment of inertia of rotor and generator 
imaginary unit (= 11) 
moment of inertia of blade about flapping hinge 
unit vectors in X,Y,Z directions 
moment of inertia about Y' axis 
product moment of inertia 
moment of inertia about Z' aX1S 
duty cycle 
K 
k 
k 
i{' 
LD 
L(n) 
M,M 
s c 
M ,M ,M 
x Y z 
Myp,Mzp 
N 
n 
n' 
OCOT 
p 
p 
= p /l P11"RSn3n 
o 2 
slope of steady-state power VS. wind speed relation 
shape factor used in Weibul1 distribution, Chapter 4 
power loss due to belt teeth meshing in gear teeth 
feedback term, equation (7.3) 
6 
t.orsional spring representing the blade stiffness 1n the 
flapping direction 
lift to drag ratio CL/CD 
transfer function 
constant in exponential correlation function, Chapter 5 
blade mass 
constants ~n the harmonic content of the flapping moment, 
Chapter 6 
moments about X,Y,Z directions 
moments about principal axes 
variable allocated locally 
frequency 
reduced frequency nlf 
a 
optimum-chord optimum twist 
power (general) 
power fluctuation 
aerodynamic power 
instantaneous aerodynamic power 
binned aerodynamic power 
electrical power 
atmospheric pressure 
probability function 
PI 
p' 
p' 
Q 
q 
r 
r 
e.g 
R •• 
~J 
R' 
r 
s 
s 
Sen) pp 
SQQ(n) 
Sen) 
vv 
SR (n) 
vv 
S ,(n) 
vv 
S (n) 
ww 
? (n) 
vv 
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pressure ~n the ultimate wake, Chapter 2 
equation (3.4) 
pressure immediately upstream of the actuator disc 
average power 
rotor torque 
constant, equation (6.15) 
torque loss due to friction 
torque demanded by load 
blade radius 
distance to radial element 
radial distance to centre of gravity 
correlation tensor 
.. R cos a 
wake radius 
ultimate wake radius 
radial vector 
equation (2 . 26) 
normal distance beeween vortex sheets 
power spectral density function of power fluctuations 
power spectral density function of torque fluctuations 
power spec-tral density function of wind velocity fluctuations 
power spectral density function of wind "Velocity fluctuations 
as seen by a rotating blade 
cross-spectr"al density function of wind velocity fluctuations 
power spectral density function of angular velocity 
fluctuations 
average power spectral density function of velocity 
fluctuations as seen by the whole rotor 
T 
t 
TCZT 
u 
u 
r 
. , 
u 
a 
t 
U ar 
v 
v,v J 
V 
m 
v 
z 
1 
V 
a 
I 
V 
v 
ar 
, 
zoo . 
v 
averaging period 
time; also temperature 
tapered-chord constant-twist 
radial induced velocity 
"" u/CrQR~ 
apparent radial velocity of tip vortex 
t t 
= ua/CrQR", 
wind velocity 
axial induced velocity 
longitudinal velocity fluctuations, Chapter 5 
axial induced velocity in the ultimate wake 
binned wind velocity 
cut in wind speed 
furling wind speed 
wind velocity at a height H above the ground 
instantaneous wind velocity 
measured wind velocity 
wind velocity at a height h above the ground 
scale factor used in Weibull distribution 
, 
= v/CrQRex> 
8 
longitudinal, lateral and vertical velocity fluctuations, 
Chapter 5 
wind velocity :(undisturbed) 
apparent axial velocity tip vortex 
t , 
.. v JCrQR 
a 00 
non-dimensional induced axial velocity in the ultimate wake 
mean wind velocity 
w 
w 
w p 
x 
x 
cg 
X' 
y 
y,z 
Z 
z 
C£ 
S 
C£ 
st 
S I 
f,r 
<Xl 
relative air velocity with respect to the 'blade 
tangential induced velocity 
complex velocity potential 
total induced velocity (axial and tangential) 
= W/Crr.lR~ 
9 
non-dimensional induced tangential 1n the ultimate wake 
local tip speed ratio XA 
non-dimensional radius r/R 
non-dimensional centre bf gravity of the blade r /R 
cg 
displacement ratio V /R' n 
0;) 0;) 
non-dimensional radius r/R' 
0;) 
distances fram the neutral axes to the aerofoil surface 
axial distance 
non-dimensional axial distance Z/R' 
00 
blade angle of attack 
wind shear exponent 
stall angle of attack 
defiried Figure A.I 
blade flapping (coning angle) 
blade pitch angle (indentical at all radii) 
blade pitch angle 
blade p'itch angle with respect to zero lift line 
radial pitch angle of tip vortex 
circulation around a blade at a radius r and total circulation 
at the same radius for a rotor consisting of an infinite 
number of blades 
y 
6PG 
c .. 
1.J 
ov 
ov 
s 
T] 
11' 
e 
e 
s 
e p 
A 
m 
A 
o 
veer angle 
tensile stress, Appendix A 
drive train losses 
Kronecker delta 
velocity fluctuation in the incident wind 
velocity fluctuation due to wind shear 
velocity fluctuation due to turbulence 
equation (6.4) 
overall efficiency Unechanical and electrical) 
alternator efficiency 
gearbox efficiency 
"" T] n C gap 
non-dimensional vortex core radius h/R' 
<XI 
azimuth angle 
angular separation between two points on the rotor, 
Chapter 5 
angle between chord line and principal axis 
Lock's inertia number 
tip speed ratio RD/V 
co 
binned tip speed ratio 
instantaneous tip speed ratio Q. R/V. 
1. 1. 
measured tip speed ratio 
steady-state tip speed ratio QR/V 
mean tip speed ratio nR/V 
10 
].l(x,).. ) 
o 
",' 
cr 
cr p 
T' 
\.J 
4>t 
4>' 
x(n) 
11 
blade loading distribution (equal to equation 5.3) 
turbulence intensity Iv2 /v 
air density 
solidity Bc/211'r 
bending stress, Appendix A 
standard deviation of power fluctuations 
standard deviation of longitudinal velocity fluctuations 
standard deviation of the difference of a parameter when 
measured at two locations 
time constant, equation (5.20) 
shearing stress, Appendix A 
decorrelation time of data 
averaging interval in data preparation 
fluid veloc:i ty 
angle of relative flow 
helix angle at blade tip 
helix angle of tip vortex 
system transfer function, equation (5.24) 
cumulative azimuth angle of radial plane from blade tip 
angular velocity of blade 
binned angular velocity of blade 
instantaneous angular velocity of blade 
w 
w 
nr 
w 
r 
w ,w ,w 
x y z 
w 
Subscripts 
1,2,3 
p 
x,y,z 
Superscripts 
c 
mean angular velocity of b.lade 
fluctuation in the angular velocity of blade 
non-rotating flapping freque~cy 
rotating flapping frequency 
12 
angular velocity components of an elemental mass in the 
X,Y,Z direction 
damping ratio, Chapter 6 
denote axes system 
principal axis, Appendix A 
denote direction 
ultimate wake, Chapter 3 
blade, Chapter 6 
coefficient, Chapter 6 
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Chapter 1 
General Introduc~J9D 
1.1 Historical introduction 
The energy crisis in 1973174 highlighted the finite nature of 
fossil fuel reserves. This, together with the .growth in awareness of 
the environmental hazards of nuclear power, has created a fefiewed 
interest in wind power. However; the idea of extracting power from the 
wind is very old. 
The first wind turbines were probably very simple vertical-axis 
panemones used in Persia (1n approximately 200 B.C.) for grinding grain. 
Later horizontal-axis turbines using cloth sails were developed similar 
to those found in Crete today. By the fourteenth century wind turbines 
were used extensively in Holland and England for grinding corn and 
draining lowlandS. Throughout the next 500 years the number of wind 
turbines grew, culminating in over 6 000 being used in Holl and at the 
tUrn of the nineteenth century. 
The beginning of the industrial era, which was initiated by the 
invention of the steam engine and later enhanced by the invention of the 
electrical generator and internal combustion engine, saw the decline of 
the number of operational wind turbines. During the Second World War 
and shortly afterwards. there was a relatively short-lived revival of 
interest in wind power, with an emphasiS being placed on the generation 
of electricity by a large-scale wind turbines. The most notable machine 
to be built during this period vas the two-bladed, 53 metre diameter. 
horizontal-axis turbine, designed by Putnam, which was erected in 
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Vermont. USA (Putnam 1948). It was rated at 1250kW in a wil'ld speed of 
13.5 m/s. In 1945. after intermittent operation covering a period of 
six years. one of the blades broke off near the hub due to metal 
fatigue. Owing to wartime shortages and the relatively low cost of 
conventional energy sources the project was abandoned. It Is 
interesting to note that until 1975 it was largest machine ever built. 
Three other horizontal-axis wind turbines which were developed 
during this period are worthy of mention. The first of these is the 
24 metre diameter. 100kW turbine built by the Enfield Cable Company to 
the design of a Frenchman called Andreau (Engineering 1955). It was a 
novel design. having hollow blades. open at the tip. and when driven by 
the wind I air was centrifugally forced out; the depression which this 
created drove a turbine at the base of the tower. The machine was 
intended for operation in North Wales. but after planning permission was 
refused it was taken from its preliminary site at St Albans to Algeria 
(Engineering 1958) whe r e it operated successfully for a number of years. 
The efficiency of the uni t was found to be low compared with more 
conventional designs. 
Perhaps the most successful of all the wind turbines developed 
during this period is the 200kW. three-bladed. 24 metre diameter 
horizonal-axis machine erected at Gedser. Denmark in 1957 (Lundsager 
~~. 1980). ThiS machine operated until 1968, when it was shut down 
as it was unable to compete economically with conventional sources of 
energy. In 1977 the machine was refurbished and is at present being 
used as a test facility. In the same year (1957) a 100kW, two-bladed, 
34 metre diameter. horizonatal-axis turbine was erected in Germany at 
Stot ten (Hutter 1964). This machine, which was designed under the 
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guidance of Professor Hutter. used light-weight composite fibreglass 
blades and operated at a moderately high tip speed ratio (blade tip 
speed divided by wind speed) of nine . The design philosophy proved so 
successful that it has been carried forward and incorporated in many of 
the large machines which are now operating . 
1.2 Recent developments (prior to 1978) 
Since 1973 wind power has grown at a very rapid rate in both 
Europe and America. The number of horizontal-axis wind turbines which 
have been built. are under construction, or are in the design stage; are 
too numerous to mention individually. 
diSCUSSed in some detail. 
However two turbines will be 
The first large machine to be buH t during this period was the 
MOD 0, a two-bladed, horizontal-axis, 38 metre diameter, reSearch 
turbine rated at 100kW in an 8 mls wind speed (Putoff 1976). It was 
constructed at NASAls Plum Brook facility nea r Sandusky, Ohio and became 
operational in 1975. Its rotor speed is maintained at a constant 40 rpm 
by rotating (or pitching) the blades about their length to control the 
aerodymanic torque imparted to the rotor as the wind speed varies. The 
power is transmitted from the rotor through a step-up gearbox to a 
synchronous gener ator operating at 1800 rpm. The 
rotor-gearbox-generator assembly is mounted on a steel, open-truss tower 
30.5 metres above the ground. The rotor operates downwind of the tower 
and is oriented to the wind by a yaw control mechanism . 
A number of problems have been experienced with this machine: 
higher than expected loads, oscillations in the generator power output 
of z30kW and excess drive torque during wind gusts . The high blade 
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loads were found to be caused by excessive tower shadow effects. and by 
yaw drive oscillations. The access stairway in the centre of the tower 
was removed to reduce its blockage effect and the yaw drive stiffened. 
These modifications resulted in reducing the mean loads to levels below 
those predicted. However. large dynamic loads were still present. The 
power output oscillations resulted from torque fluctuations due to wind 
shear, turbulence and tower shadowing. The oscillations were reduced by 
60% to less than :12kW by adding a fluid coupling to the generator side 
of the gearbox shaft. The excess drive torque during gusts was found to 
be pulling the rotor-generator out of synchronous speed because the 
blade pitch control was unable to respond fast enough. To some extent 
this was solved by using a feed - forward control; changes in the wind 
speed are sensed at a point on the nacelle well upwind of the totor and 
ate uSed to activate the pitch control before the gust reaches the 
rotor. 
Since these modifications, the turbine has been used to compare 
with the test data the analytical techniques that were used in the 
deSign, particularly those associated with determining loading 
condi tions I structural dynamics and performance properties. The basic 
design concept of this machine has proved so successful that several 
more units of similar design (including modifications), but up~rated to 
200kW t have been commissioned. The first, at Clayton. New Mexico was 
installed in December 1977. 
Construction of the world's largest wind turbine commenced in 1975 
and was completed in 1978. It stands at the Tvind Colleges which are 
si tuated near the village of Ulfborg, Denmark. The turbine which is 
three-bladed, 54 metres in diameter, rated at 2000kW in a 14.5 mls wind 
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speed, was built by teachers at the colleges. supported by advice from 
outside groups (e.g. the Technical University of Copenhagen). The rotor 
speed is maintained at a constant 40 rpm by adjusting the blade pitch 
and the rotor is mounted downwind of a slip-formed hollow concrete 
tower. To reduce the effects of tower shadow the rotor shaft is 
designed to be inclined at an angle of 40 to the horizontal and in 
addition the blades are coned at an angle of 90 to assist in the yawing 
of the rotor into the wind, and to reduce blade root bending momentS. 
The blades are hand-made out of fibreglass and PVC. A novel feature 
which has been .. incorporated into the design of the blades is that each 
blade tip contains a small parachute which will serve as an emergency 
speed control to supplement the normal blade pitch control and axle 
brake. 
Besides these two large turbines a conSiderable number of smaller 
horizontal-axis machines have been developed either as a proof of 
concept or for small scale generation. 
Against the background of rapid development in horizontal-axis 
wind turbines. a number of vertical - axis wind turbines have been 
devel6ped. the most notable being the 200kW Darrieus-type turbine, 
erected in the Magdalen Islands, Canada (South ~ gJ. 1978). The 
turbine was first operated in July 1917. A 60kW Darrieus-type turbine 
has been erected at Sandia Laboratories, USA (Braasch 1978). The novel 
concept of shedding power by adjusting the geometry of a vertical-axis 
wind turbine is being developed by Dr. Musgrove at Reading University. 
Even during the period over Which these researches have taken 
place (1977-1980) the number of operational large wind turbines has 
grown from one to ten and the number of publications can only be 
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estimated, on the basis of computer literature searches, to be in excess 
of two thousand. 
1.3 Pur pose and method of this thesis 
The object of this thesis is to extend our k~owledge of 
horizontal-axis wind turbines in the separate. but related areas of 
aerodynamics, blade optimisation. turbulence and aeroelasticity in order 
that it may contribute. in the future, to reaching of the ultimate goal 
of cost effectiveness and reliability . 
In order to investigate these areas an experimental and 
theoretical program of work was undertaken culminating in the design, 
construction and testing of a six metre diameter turbine which embodies 
the results gained from the theoretical studies and measurements made on 
two smaller wind turbines. 
The thesis is broadly divided into two parts, theoretical and 
experimental, even though they were both undertaken in parallel. and for 
this reason, experimental results are presented wherever possible to 
test the accuracy of the theoretical analyses. The theoretical work is 
described in Chapters 2 to 6 and the experimental in Chapters 7 to 9. 
In Chapters 2 and 3 a model 1s developed for predicting the 
aerodymanic loads on a horizontal-axis wind turbine blade. In Chapter 4 
this model is used for determining the appropriate blade shape for a 
particular application. The important problem of determining the 
effects of turbulence on the loads and the available energy is discussed 
in Chapter 5. In Chapter 6 the results of Chapters 2 to 5 are brought 
together and a dynamic model of a two-bladed rotor is developed and a 
Ch.1 19 
comparison undertaken of three blade configurations; hinged. teetered 
and hingeless. 
The experimental program is divided into three areas: 
a) data acquisition and turbine control systems. Chapter 7. 
b) design/construction of the three turbines. Chapter 8. 
c) interpretation of field test data relating to performance 
measurements. Chapter 9. 
A detailed assessment of the aerodynamic loads on a blade and the 
flow field in its immediate vicinity are difficult to obtain from 
open-air testing due to the natural fluctuations in the wind velocity. 
Therefore a program of experimental measurements made in the contr olled 
environment of a wind-tunnel are discussed in Appendix B. At the time 
of writing only preliminary analysis of the data from these measurments 
has been possible and these are presented in Chapter 3 and Appendix A. 
The thesis finally concludes with a summary of the main 
conclusions and a number of suggestions for further work. 
Ch.2 
2.1 Introduction 
Chapter 2 
Aerod ynamic theor y 
20 
Horizontal-axis wind turbines can be divided into two broad 
catogories depending on whether they use lift or drag forces to extract 
the kinetic energy from the wind. A consequence of this is that drag 
devices always move slower than the wind and their motion inhibits 
rather than enhances the power extraction. In contrast wind turbines 
which reI y on lift forces al ways move faster than the wind. The ratio 
of the power extracted by a device relying on lift forces to that using 
drag forces is usually greater than 10:1 for the same swept area. 
This chapter concerns the development of a model for predicting 
the aerodynamic loads associated with a high tip speed ratio (ratio of 
the blade tip veloci ty to wind veloci ty) wind turbine. It 1s assumed 
that the rotor is operating in a steady. non-turbulent homogeneous fluid 
to which the axis of shaft rotation is aligned. The effects of 
non-axial flow are discussed in Appendix C. In subsequent chapters the 
model is used as the basis for investigating the stability of rotors 
with hinged or teetered blades and determining the optimum blade shape 
for a particular mode of operation. It is therefore essential that the 
model must be accurate yet versatile, and not require large amounts of 
computational time. 
There are three distinct methods for determining the blade 
loading; (a) Actuator-disc theory, (b) Blade- element theory and (c) 
Vortex-wake analysis. The large amounts of computation time associated 
with vortex-analysis makes this method unsuitable for parametric 
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analysis. However this form of analysis is treated separately in 
Chapter 3 as a means of determining the validity of the various 
assumptions made in blade-element theory. 
Actuator-disc theory applies basic conservation laws of fluid 
mechanics (conservation of mass. momentum and ener gy) to the rotor as a 
whole to estimate the rotor performance. It is a global analysis. 
relating the overall flow velocities and the total rotor thrust and 
power. However it gives no information concerning the shape of the 
blade necessary to retard the fluid motion . It was initially developed 
by Rankine (1865) and Froude (1889) for the anal ysis of marine 
propellers. and e~tended by Joukowski (1912) and later by Betz (1919) to 
include the rotation of the slipstream. 
Blade-element theory calculates the forces on the blade due to its 
motion through the air (combination of the wind velocity, induced 
veloci ty and the rotational velocity of the blade). to determine the 
performance of the entire rotor. Basically, blade-element theory, is 
lifting-line theory applied to a rotating blade. It is assumed that 
each blade-element behaves like a two-dimensional aerofoil to produce 
aerodynamic forces (11ft and drag). with the influence of the wake and 
rest of the rotor contained entirely 1n an induced velocity at the 
element. The aerodynamic forces at each element ar e equated to those 
derived from momentum considerations enabling the induced velocities to 
be determined. This is based on the underl ying assumption that each 
element is radiall y independent and the pressure in the far wake is 
equal to the free stream pressure t which is only strictly true for 
non-expanding wake and a rotor consisting of an infinite number of 
blades. These assumptions are examined in Chapter 3. 
Ch.2 22 
The origins of blade-element theory can be traced to the work of 
Froude (1878), but the first major treatment was developed by 
Drzewiecki (1892). Drzewiecki considered the blade~elements to act 
independently and assumed wrongly that the velocities at each station 
were only composed of n rand V<:IJ' which are due to the blade rotation 
and axial velocity of the wind. He was also hampered by the lack of 
knowledge of sectional aerodynamics. The concept of equating the forces 
determined by momentum theory with those due to the flow over the blade 
to determine the induced velocites was realised by Joukowski (1912). 
In the first section actuator-disc theory is discussed and this 
leads to a simple relationship between the power (or the thrust) and the 
flow throllgh the rotor. In the next section blade-element theory is 
developed for a rotor consisting of an infinite number of blades. 
Subsequently the theory is extended to a finite number of blades. The 
'vortex ring' and iturbulent wake' stateS are discussed and a method is 
developed for incorporating them into blade-element theory. Finally an 
analysis of the performance of a Six metre two~bladed rotor is 
undertaken. 
2.2 Actuator-disc theory 
2.2.1 Simple model 
In its earliest conception the following assumptions were made: 
1) The thrust is uniformly distributed over the rotor disc. across 
which there is a sudden pressure increase (decrease for wind 
turbines). This assumption implies that the rotor has an infinite 
number of blades. 
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2) No rotation imparted to the flow. 
3) The static pressure in the wake at infinite diStances from the 
rotor is equal to the undisturbed free stream pressure (p,;po)' 
4) A slipstream that is well defined separates the flow passing 
through the rotor disc from that outside the disc. 
51 No frictional losses. 
Figure 2.1 shows a streamtube with an actuator disc of area err Rl) 
representing the rotor. Taking the simple case of zero wake rotation, 
Bernoulli's equation may be applied in front and behind the disc 
Po + i .f V~ : (2-t) 
and 
(2-2) 
SOl v ing for II p 
(2-3) 
From momentum considerations 
b. P S f (V., - V ) (Voo - (Vf4 - v. )) 
~quating equations (2.3) and (2.4), we obtain 
.1. V .. 1. V 
I 
The induced velocity VI far behind the rotor is therefore twice the 
induced velocity v at the rotor. Substituting a=v/VoO • the power and 
thrust coefficients are 
" 
- 2-
40(1-0) 
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and 
(2·7) 
Maximum efficiency occurs when dCp/da:O. from equation (2.6) c,'WC =16(27 
when a=1/3. The maximum value of 16/27 was first pointed out by 
Bet z (1927) as the upper limit to wind turbine per formance . ReI iance 
upon the 16/27 value as a fundamental limit is questionable because of 
the simple model upon which it is based. Both Hutter (1977) and 
Sabinin (1928) draw attention to the possibility that the strong 
divergent streamlines at and behind the actuator disk might lead to a 
higher upper limit for the power coefficient. 
2.2.2 WaKe Rotation 
The air flow on passing through the actuator disc will be given 
rotational angular momentum at a rate corresponding to the torque acting 
on the rotor shaft. The wake must rotate in the OPPOSl te direction to 
the rotor and therefore the overall torque and power given to the rotor 
is reduced because of the rotational kinetic energy of the fluid. 
Joukowsk1 (1912) considered the effect of wake rotation in the analysis 
of propellers. The simple analysis of Joukowski has been recapitulated 
by Wilson and Lissaman (1974) for wind turbines i For tip speed ratio 
greater than 2 they have shown that very little energy will be lost as a 
result of wake rotation. Glauert (1935). when considering the optimUfiJ. 
performance of an actuator-disc. came to a similar conclusion. The 
pressure deficit. which will exist as a consequence of wake rotation. 
Figure 2.1 Streamtube for actuator disc. 
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may therefore be ignored. 
2.3 . 3 Rot9rflow stat~s 
At a=0.5, the velocity in the far wake becOmes zero, and the 
absorb~d power is . beyond the optimum val ue. Still higher val ues of the 
axial interference factor (a) lead to n~gative velocities in the far 
wake I which Violates the continuity equation 1n one dimensional flow. 
The simple model developed in the previous section cannot cope with 
a>0.5. For 0.5(a(1.0 a horizontal-axis wind turbine may operate in the 
so called 'turbulent wake state I and near the limiting condition of a=1 
the I vortex ring state f • In the vortex ring state return flow will 
exist across part of the actuator disc. 
Equation (2.7) indicates that the thrust coefficient reaches a 
max imum when a=O. 5 and decreases for a)O . 5 and is zero when a= 1 , 
Figur e 2.2. When a=1 the turbine can be likend to a solid disc 
perpendicular to the flow. Th~ thrust coefficient of such a disc is 
gr~ater than 1.20 (e.g. Mironer 1979). The work of Glauert (1926) on 
flow regimes in propellers indicates that the thrust on a rotor is 
similar to that predicted by momentum theory for a(0.5 but disagrees for 
a)0.5 and at a= 1 has a val ue simil ar to that of a sol id disc. An 
emperical relationship was developed by Glauert and is shown in Figure 
2.2. Milborrow and Ainslie (1980) have USed streamline curvature 
techniqu~5 to show that val ues of a)O. 5 can be achieved but that the 
wake veloci ty will not necessaril y fall below zero. In thi s region 
thrust coeffiCients greater than one were noticed. Wind tunnel studies 
by Vermeulen (1978) on the wake of' hori zontal-ax is wind turbin~s al so 
indicateS that thrust coefficients greater than one may exist. 
Figure 2.2 Comparison of experimental (circles) and theoretical 
(crosses. solid and dashed lines) predictions for the rotor thrust as a 
function of the axial interference factor. 
0-2 
o 0-2 0-4 
lTURBULENT~ORTEX I" VAKE ~r RING 
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l' 0 
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Rosenbrock (1951) suggested that CT =1.0 in the range 0.5<a<1.0, but 
there are no experimental results to verify this assumption . 
In section 2.4.2 it will be shown that to obtain a solution for 
the blade load ing it is necessar y that C T > 1 . 0 for a>O. 5. 
2.2.4 Concluding remarkS re Actuator-disc theory 
The simple model provides a relationship between the power (or the 
thrust) and the axial inter ference factor. It indicates under idealised 
conditions the maximum efficiency which may be achieved and the various 
flow states which are likel y to exist. Wake rotation can be added and 
this has been demonstrated to reduce the efficiency. However it does 
not give any insight into such aspects as the ratio of the chord to 
blade radius, blade aerofoil characteristics or tip speed ratio. In 
fact it gives no information regar ding the blade shape necessary to 
retard the flUid motion. In order that these parameters may be 
investigated it is necessary that a model is developed which concerns 
itself with the flow over the blade. 
2. 3 Blade-Element Theor y 
2. 3.1 Infinite number of blades 
If the reduction in the wind velocity at the rotor plane is v, the 
aXial interference factor (a) is defined as v/Voo where V02 is the 
undisturbed wind speed well upstream of the rotor. The air stream on 
passing thr ough the rotor disc will acquire a rotational velocity about 
the rotor axis in the opposite direction to the blades. If the 
rotational velocity is w, then a rotational interference factor (a') can 
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' be defined as w/r.fL, where n is the angular veloci ty of the blade. 
Therefore the airflow, relative to the blade at a radius r, will be 
composed of an axial velocity ~1-a) and a rotational velocity 
nr( 1+a ' ) t Figure 2.3. 
For high tip speed ratio wind turbines the aspect ratio (blade 
radius to chord) of the blade is sufficiently high that it can be 
aSSumed that the chord wise pressure distribution is the same as that of 
a two dimensional aerofoil with the same relative velocity (W) and angle 
of attack (CI..). However the question can be raised as to whether the 
boundary layer on a rotating blade is similar to that of a non~rotating 
blade when the effect of spanwise flow or 'centrifugal pumping 1 is taken 
into account, The first attempt to solve this problem was made by 
Frogarty (1951) for the case of a hovering helicopter rotor. His 
results suggest that spanwise flow is small compared with the relative 
velocity. except in the region of the hub which in any case is of little 
interest. Me Croskey et 21. (1971) extended the analysis of Frogarty to 
a turbulent boundary layer. the results of which show that the spanwise 
flow is even smaller. Therefore spanwise flow can be ignored. 
When the number of blades tends to infinity the induced velocities 
are axis-symmetric (independent of angular position). If we assume that 
the wake expansion and the pressure deficit in the far wake can be 
neglected then the induced velocities will be twice those at the rotor 
disc. 
Applying the equations of axial and angular momentum to an 
elemental annular streamtube of radius r and thickness dr we obtain for 
the elemental component of force acting in the axial direction 
Figure 2.3 Velocity triangle at blade~element (points 0 cOincident). 
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and the elemental torque about the rotOr axis as 
d Q • r d F
t 
,. 4- Tf r 3'p VOO.n Q I (1 - Q) d r (z·q) 
Figure 2.3 shows the velocity vectors acting on a blade-element at 
a radius r. The differential axial force (thrust) dFA, and torque dQ 
acting on the element dr of B-bladed rotor are 
and 
In lifting-line theory it is assumed that only the lift forces will 
induce velocities at the rotor blade itsel f, the drag only produces 
turbulence in the wake which is confined to the thin helical vortex 
sheets (section 2.3.2). we can combine equations (2.8) with (2.10) and 
(2.9) with (2.11) and solve for (a) and (a') 
a .. 0- CL (2-121 
-a 4 can ~ sin ~ 
and 
, 
Q c rrCL (2 · 13) 
1+ a I 4- COS¢ 
where 
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(J::: Be 
27rr 
is the solidity. From geometrical considerations 
can ~ .. Voo (~): 
.0. r 1+ Q' 
I 
,X ( 
1- a
J
) 
\ + a 
29 
(2-/4-) 
(2 -IS) 
where X (:: r.Q IV) is the local tip speed ratio. From equations (2. 12) t 
(2.13)· and (2.15) we obtain 
This shows that the total induced velocity. 'Nt is perpendicular to the 
relati ve flow. This is what would be expected from momentum 
considerations, ie opposite to the applied force ( lift). 
Equations (2.10) and (2.11) can be written in a non-dimensional form as 
de FA :: d F / dr = A (2· lb) 
dx 
and 
dC~: dQ I d~ ,,' z/()(~.s (CL Sin ~ - C. cos ~) 
d x ljn R V.. V..J 
(2' (7) 
where x(::r/R) is the non-dimensional radius. Therefore the power and 
thrust coefficients are 
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dx (2·li) 
and 
dx 
In the previous analysis it has been assumed that tKe rotor 
consisted of an infinite number of blades, therefore the circulation 
around anyone blade is zero, and at the tip of the blade " the 
circulation will riot be discontinuous. For a finite number of blades 
the application of lifting-line theory is not strictly valid near the 
blade tip. When the chord is finite at the blade tip, blade-element 
tneory gives a non-zero lift all the way out to the end of the blade. 
In fact, however, the circulation drops to zero at the tip over a finite 
distance because of the possibility of cross-flow arOund the tip, which 
decreases the pressure difference between the upper and lower surfaces 
of the aerofoil. In the next section two methods of estimating this 
effect are discussed. 
2.3.2 Ti p loss corrections 
To understand this effect it is necessary to represent the rotor 
wake by vortex sheets trailed in helices behind each blade. The 
variation of circulation along the blade results in a vortex sheet being 
shed from the trailing edge of the blade. This sheet will convect down 
Ch.2 31 
the slipstream with a velocity correSponding to the induced and free 
stream velocities. The effect of these vortex sheets on the circulation 
has been considered by Prandtl (1919) and Goldstein (1929) for aircraft 
propellers. 
The Key steps in these analyses is the choice of the wake 
structure which completely determines the flow field. Specifically, it 
is assumed that the vortex sheets in the wake move as rigid surfaces . 
Then the boundary conditions of zero flow perpendicular to the sheets 
determine the flow field, from which the loading on the blade is 
der ived. For high tip speed ratio rotors the solutiohs agree closely. 
Prandtl assumed that it was possible to replace the system of 
vortex sheets generated by the blades with a series of stationary 
equidistant parallel sheets (Figure 2.4) immersed in a fluid moving with 
veloci ty 1,) • The normal distance between sUccessi ve sheets is 
s .. 2 rr R Sin ~t 
B 
wher e ¢t; is equal to the helix angle at the blade tip. Prandtl assumed 
that wake expansion could be negelected and that the induced velocities 
in the far wake were twice those at the rotor . 
The complex potential satisfying. (a) the condition of zero flow 
through the sheets and (b) the requirement that v and u approach V and 
zero respectively as x approaches infinity is 
W = V S P -1\ 
_I 2U:. 
coS e II 
where z:x+iy . Then the velocity is 
Figure 2.4 Prandtl model of rotor wake. 
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'lTZ 
U -~V = d Wp ;: u e T (2·20) 
' dz (l_e+2~Z)~ 
Prandtl then · assumed that the reduction in the average velocity 
(perpendicular to- the sheets) was equal to the reduction in the 
circulation around a blade, i.e. 
s 
where 
F = B r = -Lf (1)-V) d~ 
roo s'\) 
o 
f ,,-E.... 
2 
-I 
COS e 
-f 
F is the tip loss factor, B the number of blades, ~ the circulation at 
a radial station rand r:, the corresponding circulation for the a rotor 
consisting of an infinite number of blades. 
The expression for f can be sUitably approximated (Walker 1976) by 
replacing Rain ¢t;. with rsin ~ because local angles of ¢ are more 
convenient in the caleulat.ion procedure. To some extent it also takes 
into account wake expansion. 
The more complex problem of solv~ng the potential flow about a 
regular rigid helical vortex sheet was solved by Goldstein. His exact 
analysis resulted in the tip loss being determined by 
F .. Br I + }1 2 . rn (2-22) :: 
r: 2 7T wv }! 
where 
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1fwv 7T 
P 
and 
1 
- 8 
1T 
I2J'I+1 (2M + I -p.) 
F2M +, (p.) 
(ZM+ 1)1 
:: 
, 
'P' - T.,2Mtl 
2. 
1+ }l 
and where in the nomenclature used by Goldstein 
11: angular velocity of rotor 
r= local rad ius 
w= velocity of helical sheets 
v= forward veloei ty of propeller 
'P- = local tip speed ratio (=fir Iv) 
lio: tip speed ratio (=nR/v) 
r = bound circulation at a radial distance r 
a",: coefficient in r distribution 
A~: approximation to coefficients of Q~ 
e = correction factor to approximation coefficients 
'" I : modified Bessel function of the first kind 
n 
T = mod ifi ed Lamme function 1,n 
33 
The value of F (equation 2.22) was derived on the assumption that an 
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ideal loading condition exists (Betz 1919, for propellers), and this in 
turn implies a certain range of blade loadings depending on the angle of 
relati ve flow and the number of blades. Hence any calculations, using 
these values of F are strictly valid only for these particular 
loadings. Lock (1930) extended the analysis of Goldstein by assuming 
that the values of F could be used for any type of loading, if the 
calculations are based on the relative flow angle at a given radius. 
hence 
and 
By directl y equating the forces, on an annular elemental 
streamtube, derived from momentum theory it is assumed that the axial 
and rotational velocities have a uniform value around the annulus of the 
blade diSc. This simplifying assumption is only correct when the 
turbine has an infinite number of blades. In real i ty the flow in the 
plane of the rotor will be periodic at a frequency and amplitude 
depending on the number of blades and their loading. In order that the 
forces derived from momentum considerations can be equated successfully 
wi th those from considering the flow over the blade it is necessary to 
apply a correction factor ,F, derived from either equation (2.20) or 
(2.22)' This adjusts the momentum equations (2.8) and (2.9) to take 
into account thiS periodic flow which arises due to flow around the 
edges of the vortex sheets (loss of circulation) at the boundary of the 
Slipstream. 
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The standard method of applying tip loss correction (Glauert 1935) 
is to assume that the maximum change of the axial (2aV~) and tangential 
(2a 'r.Q) veloci ties in the slipstream occ urs at the vortex sheets and 
that the average decrease is only a fraction F of this velocity. 
Therefore the thrust and torque acting on an annular el emental 
streamtube are 
dF 
A 
and 
Combinirtg with the corresponding blade-element equation (2.10) and 
(2.11) and solving for a and a' 
a = o-C l. (2-23) 
I-a 4. F can cp sin ~ 
and 
I 
o-CL a " 
I + a , 4- Fcos ¢ 
Fr om equations (2.15), (2.23) and (2.24) it can be shown that the total 
induced velocity w~ is perpendicular to the relative velocity. It may 
be noted t.hat the point at which the I turbulent wake state f is entered 
is now given by aF: O.5. 
Another method of applying tip loss, suggested by Wilson 
et al. (1974), which will hereafter be referred to as the 'linear 
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method'. is based on the assumption that the axial and tangent i al 
induced velocities are localised at the blade and only a fraction F of 
these occur in the plane of the rotor. The resulting equations from 
momentum considerations are 
and 
Combining with the blade-element equations (2.10) and (2.11) and 
neglecting the effects of drag we can solve for (a) as 
where 
a II: 2 S + F - ( F 2 + 4- S F ( t - F J)I 
2 (S+ F4) 
s = CJ CI.. 
4- can ~ Sin ¢ 
(2,2",) 
and (a I) remains unchanged I equation (2.24). Evaluating the angle of 
the induced velocity wI: reveals that it is no longer pe r pendicular to 
the relative flow. 
As prey 10 us 1 Y disc us sed I the 1nd uced veloci ti es in the plane of 
the rotor are likely to be periodic. Thus using their average value to 
calculate the thrust and torque on an annular elemental streamtube I as 
proposed by Wilson et al. I is incorrect. A more accurate method would 
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take into account the angular variation of the induced velocities and 
integrate the elemental thrust and torque accordingly". This method 
will hereafter be referred to as the ' cycl ica1 method'. If we aSSUme 
that the angular variation is sinusoidal at a frequency which is 
dependent on the number of blades: 
A 9 (e) .. I - A Sin Be 
where 
'A = _TI (I--F) 
z 
2 
for 0 < e <2 IT 
B 
then the maximum induced velocities aVoo and a'.n. r will occur at the 
blade and the average induced velocites (in the plane of the rotor) will 
be aFVao and a IF n. r. Hence the angular variation of the induced 
velocities can be written as 
v (e) = a VOd 9 (s) 
and 
An indication of the accuracy of this relationship can be seen in 
Figure 2.5 when compared with the theoretical relationship derived from 
the imaginary part of equation (2.20) 
~ ~ - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
*At the time of writing I was unaware that a similar method had been 
proposed by de Vries (1979). 
Figure 2.5 Angular variation in the induced velocity. Solid line from 
the Prand tl model. Line with circles the assumed variation and dashed 
line from Wilson et al. (1974). For f:1.8 solid and circled lines are 
coincident. 
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(2-2 ~) 
where 
It is observed that reasonable agreement exists between the assumed 
angular variation and that determined from Prandtl for values ot t>0.5. 
As values of f<0.5 are unlikely to occur, except for very low tip speed 
ratios or radial stations extremely near the blade tip it can be assumed 
that this relationship is sufficiently accurate. 
Thus the elemental thrust and torque acting on an annular 
streamtube are 
and 
211' .3 
d Q oj 2 r.f V .. a's .Q (1- 09) drd e 
o 
where 
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2>1T 2 l. 
G:: \ J::/ de:: 1 .. 2 (1- F) tJL(I-F) 
2Tf 8 
o 
Equating with those ftom blade-element theory. equations (2.10) and 
(2.11) we obtain 
= 
and 
I + a." 
Z 
::: a tan ¢ 
\ - a 
SOlving for (a) yields 
Q • 2 S + F - (F 2 + 4S (F - G ))1 
2(8+ G) 
(2-30) 
where S is the same as before. equation (2.26). Combining equation 
(2.27) with (2.15) yeilds 
ban ¢ =: o'X 
a 
which shows that this method results in the total induced velocity (w~) 
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being perpendicular to the relative flow. 
2.4 Multiple solutions and turbulent WaKe state 
A unique solution for the blade loading is not always possible as 
a result of the limitations imposed by the criterion that aF<O.5. In 
some situations a solution is not always possible unless some 
assumptions are made regard ing the flow in the region aF>O. 5. In thi s 
section a simple model is developed to illustrate the various solutions 
which occur. It is then extended to provide a method for determining 
the blade loading 1n the turbulent wake and vortex ring stateS. 
Neglecting the rotational induced velocity and the drag term 
yields from equation (2.16) that 
J. 
d C
FA 
~ 2 X tT C
L 
X (( 1- 0)1. + 'X 2 r (2·31) 
c4X 
The lift coefficient is not constant but a function of the angle of 
relative flow and the blade pitch angle. therefore the following 
relationship for the lift coefficient is assumed 
and 
C =21ftX L 
C = Sin 2. "if LX L 
for ()(. < 0{ sl: 
for 0. ~ OC
st 
where ex = r:; -~. cx.st is the angle of attack at which blade stall occurs. 
This is taken to be 15 degrees. The lift coefficient will be 
discontinuous at this val ue. ~z. is the blade pitch angle with respect 
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to the zero lift line. 
Equation (2.31) is shown plotted in Figure 2.6 against the axial 
interference factor with cr =0.02 and ~ =0. Also Shown is the elemental 
ax ia1 force coefficient deri ved from from momentum considerations (for 
generality the tip loss factor has been ignored), i.e., 
d C FA = 8 X a ( 1- a) 
dx 
(z · 32) 
For both equations the non-dimensiOnal radius has been set equal to 0.5. 
It is apparent from Figure 2.6 that at a certain local tip speed ratio 
multiple solutions may occur. However sOme of these solutions may be 
ignored as they correspond to values of the axial interference factor 
a>0.5 for de.,. /dx<1. For a(0.5 it is still possible that three 
solutions may occur (A,BtC) when the curves intersect in the stalling 
region. There is some evidence to suggest that the stalling 
characteristics of a rotating blade will be mod tfied • 
HilMlelskamp (1947) suggested that flow separation will no longer be 
sudden but gradual thus reducing the chances of multiple solutions 
occurring. To accomodate this experimental evidence the unstalled 
solution (A) is used. 
It is also possible that no solution can be found, i.e. the curve 
of equation (2.32) lies above the curve of equation (2.34). If we 
assume that the emperical . data of Glauert (1926) is valid, for wind 
turbines, and that it can be applied to an elemental streamtube a 
solution may be obtained. 
An approximate fit to the data of Glauert i s 
Figure 2.6 Variation in the elemental thrust coefficient (blade-element 
theory) with local tip speed ratio (X). Al so shown elemental thrust 
coefficient from momentum considerations with Glauert extension. 
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d C FA :: 4. X ([-Z a (1- Q) ) 
dx 
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(2·3~) 
for 0.5<a(1.0. As the wake of the turbine, in this region. is likely to 
be turbulent, the periodic vortex structure will not exist and therefore 
the inclusion of tip losses is meaningless . Equating equations (2.31) 
and (2.33) lead to a solution fot (a), i.e. 
a = (2S -1) -- (2$ -- I)i 
2(S~1) 
where S is the same as before, equation (2.26) . The rotational 
interference factor (a') can be neglected in this region as it is likely 
to be small and the subsequent error introduced will be less than those 
originating from the above assumptions. 
2. 5 Aero foil data 
A wind turbine will operate over a range of wind speeds and 
depending on the mode of operation a range of tip speed ratio. 
Therefore the Reynolds number and hence the sectional properties of the 
aerofoil will be dependent on the wind speed and tip speed ratio. 
The sectional properties of a large number of aero foils have been 
compiled by Abbot and Von Doenhoff (1959) and Riegels (1961). The 
effects of Reynolds number have been investigated theoretically by 
Griffiths (1977) and a detailed experimental study by Rohrbach 
~ ,ru:.. (1977). Results indicate that the effects of Reynolds number 
above 3 million are negligible , below this val ue they become 
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increasing1 y more important. Large wind turbines (above 30 metres in 
diameter) operate above this critical value and therefore their 
performance is virtually independent of wind speed and tip speed ratio. 
Unfortunately most of the data presented by Abbot and Von Doenhoff 
and Riegels is for high Reynolds numbers which are unsuitable for medium 
to small sized turbineS. However Jacobs and Sherman (1939) have tested 
a number of aerofoils over a wide range of Reynolds numbers and this has 
been the principle source of information in this thesis. Coefficients 
o 0 
of lift are given for the range of angle of attack -4 to 28 The 
coefficients of drag being given as a function of the lift data making 
it more difficult to assess their value at angles above stall. The 
number of. aerofoil s Which have been tested over a complete range of 
Reynolds number is limited to those published by Jacobs and Sherman. 
therefore the analysis contained within the rest of this thesis is 
confined to data derived from measurements made on a NACA 4412. This 
aerofoil has a high lift to drag ratio over a wide range of operating 
conditions and is therefore highly suitable as a section for a wind 
turbine· blade. The characteristics of this section. as derived from 
Jacobs and Sherman, are shown in Figure 2.7. 
Under certain conditions it is likely that a significant part of 
_ _ _ 0 
the blade will be operating at angles of attack greater than 28. For 
this region. data WaS obtained from tests made on -the symmetrical NACA 
0012 aerofoil by Critzos et ale (1955). Information was provided at two 
Reynolds numbers, 500,000 and '.800,000 and this demonstrated that very 
little difference existed in data. so it was decided to use a single 
set of values covering all Reynolds numbers for angles of attack beyond 
o 28 ahd also assume that these results would not be significantly 
Figure 2.7 Aerofoil section characteristics for NACA 4412. Derived 
from Jacobs and Sherman (1939). 
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different from a NACA 4412. 
2.6 Computational procedures 
Assuming that the blade geometry (pitch angle, chord or solidity 
and the sectional properties of the aero foil ). wind speed and tip speed 
ratio are specified an iterative process is required to determine the 
axial and tangential interference factors (a) and (a') at each radial 
station and hence determine the blade loading coefficients equations 
(2.16) and (2.17). Once these have been determined, the coefficients of 
power and thrust can be evaluated. 
By using the relationships developed, a and a' are determined for 
a given differen·tial element: 
(i) 
( ii ) 
(iii) 
(iv) 
( v ) 
(vi) 
Set initially a=0.3 and a ' =O. 
Calculate the angle of relative flow, equation (2.15) 
Determine the tip loss correction, equation (2.21) or (2.22) 
Determine the angle of attack, ex = ~ ... ~$ 
Evaluate the lift coefficient, C~ 
Using equations (2.23) and (2.24) 'standard method' 
Or equations (2.25) and (2.24) 'linear method' 
or equations (2.30) and (2.29) 'cyclical method' 
or equation (2.34) 'vortex ring or turbulent wake states' 
determine a and a' 
(vii) Compare a and a' with those from step (1) and repeat steps (1) 
to (vii) until a and a' converge. 
(viii) Repeat steps (i) to (vii) for another radial element. 
(ix) Determine the thrust and power coefficients equations (2.18) 
and (2 . 19). 
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The lift and drag coefficients are found by tabulating them as 
functions of the angle attack and Reynolds number and then using a 
bivariate cubic spline to interpolate for intermediate values. 
When mUltiple solutions are possible (in the region of blade 
stall) the numerical procedure outline above will converge to solutions 
A or B but not C (Figure 2.6). As the prestall soiution (A) is required 
a simple search routine is necessary to determine whether other 
solutions exist. an if so. whether it has converged to the correct one. 
2.7 Anal ysis 
In this section. results of calculations will be given for a six 
metre diameter two-bladed rotor operating 1n a wind speed of 8 mls; the 
blades were deSigned to have a maximum efficiency at a tip speed ratio 
of nine. The procedure for determining the blade shape is discussed in 
Chapter 4. 
As can be seen (Figure 2.8) from the values of the power 
coefficient. the power determined from using the Prandtl model is about 
1% higher than that from using the Goldstein model; standard method of 
applying tip loss correction was used. While the difference in the 
predicted performance is small the difference in computational time is 
an order of magnitude~ therefore, the Prandtl tip loss model is used for 
generating the rest of the results in this chapter. For low values of 
tip speed ratio most of the blade is stalled (angle of attack greater 
than 15 degrees) and very little power is developed. As the tip speed 
ratio increases the blade becomes unstalled, the effects of tip loss and 
wake rotation are red uced and there is a rapid increase in the power 
coefficient . The power coefficient reaches a maximum at a tip speed 
Figure 2.8 Variation of performance characteristics with tip loss 
model. For Prand tl and Goldstein mOdel s the tip loss was applied using 
the standard method. 
Figure 2.9 Effect of profile drag on the performance characteristics. 
Tip loss calculated from the Prandtl model and applied Using the 
standard method. 
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ratio of nine where the angle of attack and lift coefficient correspond 
to the maximum lift to drag ratio. Increasing the tip speed ratio 
beyond this pOint causes the power output to decrease rapidly due to the 
profile drag (Figu-re 2.9) and the onset of the turbulent wake state 
(aF>O.5). 
A comparison of the three methods of applying tip loss correction 
is shown in Figure 2. 10. TheSe results indicate that there is little 
difference between the linear and cyclical method, both of which predict 
a higher power coefficient than the standard method. 
Presented in Figure 2.11 is the thrust coefficient as a function 
of tip speed ratio. It can be seen that the thrust increases with 
increasing tip speed ratio, i.e. the rotor is becoming more opaque. 
The effect of tip speed ratio on the axial interference factor (a) 
is shown in Figure 2.12 as a function of the non-dimensional radius 
(x:r/R). It is obServed that the factor increases with both tip speed 
ratio and radial position. The former being primaril y due to the lift 
force becoming orientated in the axial direction and the latter due to 
increased tip losses reflecting the strong tip vortex. The radial 
distribution of the tangential interference factor (a') at tip speed 
ratio of nine is presented in Figure 2.13 . The radial distribution of 
the elemental torque and thrust coefficients are shown in Figures 2.14 
and 2.15 respectively for the same tip speed ratio. Both distributions 
are approximately a linear function of the non .... dimensional rad ius. As 
the blade tip is approached both decreaSe rapidly to zero reflecting the 
Figure 2.10 Variation of performance characteristics with method of 
applying tip loss correction. Tip loss determined from Prandt1 model. 
Figure 2.11 Rotor thrust coefficient as function of tip speed ratio. 
Tip 108s determined from Prandtl model and applied using the standard 
method. 
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Figure 2.12 Variation of axial interference factor ( a) with tip speed 
ratio and non-dimensional rad ius (x). Tip loss determined frOm Prand tl 
model and applied using the standard method. 
Figure 2.13 Variation of the rotational interference factor (a') with 
non-dimensional radius (x). Tip loss determined from Prand t1 model and 
applied uSing the standard method. 
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Figure 2.14 Rad ial distribution of the el emental torque coefficient. 
Tip loss determined from Prand tl model and applied using the standard 
method. 
Figure 2.15 Radial distribution of the elemental thrust coefficient i 
Tip loss determined from Prandtl model and applied using the standard 
method i 
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influence of tip losses. 
2.8 Concl USiohS 
A review has been made of the methods for predicting the 
per formance of a high tip speed ratio wind turbine. In certain areaS 
(application of tip losses and the turbulent wake state) the present 
theories have been extended. A calculation method for determining the 
performance has been developed which is based on blade-element theory 
(blade chord to blade radius is negligible), where the induced 
velocities are calculated from momentum considerations combined with a 
tip loss factor. The effects of variations in tne sectional properties 
with Reynolds number have been incorporated. 
Resul ts have been presented by using this method and information 
has been gained on the power, thrust and radial distribution of the 
. induced velocities. A comparison has been made of the Prandtl and 
Goldstein tip loss models and three methods of applying the correction 
factor. It has been shown that the difference 1n predicted performance 
between the two models is small and therefore it is suggested that the 
Prandtl model is used t purely on a basis of a significant reduction in 
the computational time. A comparison between the three methods of 
applying tip loss correction revealed that the two methods (linear and 
cyclical) which attempt to take into account the angular variation in 
the induced velocities predict a higher power coefficient than the 
standard method. However the t improvement' of the theory by using the 
cyclical or linear method is questionable when in taken the context of 
the assumptions made regarding wake expansion and the static pressure 
deficit in the wake. 
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It appears the only way to improve upon the calculation method is 
the application of vortex-wake analysis. This is considered in the 
following chapter . 
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Chapter 3 
A vortex-wake analysis 
3.1 Introduction 
The objective of this chapter is to develop a vortex-wake method 
for determining the performance of a horizontal-axis wind turbine which 
doeS not require the large amounts of computing time. normally 
associated with a free wake analysis, and to compare the results with 
blade-element theory (Chapter 2). This will enable the various 
assumptions made in the development on the blade-element theory to be 
checked. namely those concerning the expanding wake and application of 
tip losses. 
In free-wake an'alysis. the complete vortex system is either 
generated from rest or is assumed from an initial distribution of the 
vortex sheets. These sheets are regarded as being composed of a large 
number of discrete vortex elements. and these elements are allowed to 
convect in the free stream and induced field which they create. 
Computer requirements are normally prohibitive for this type of 
analysis, so approximations are obviously worth investigating. 
Another method, often used for helicopters, is the prescribed-wake 
analysis in which the geo~etry of the wake near the rotor is determined 
from flow visualisation studies. With the wake geometry known it is 
possible to relate the .circulation in the wake to the blade-bound 
circulation by a series of simultaneous equations and derive, through 
the Biot-Savart law and blade-element theory, the blade loading. 
UnfortUnately, the lack of data concerning the flow field in the 
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vicinity of a wind turbine rotor renders this method inapplicable. 
An al ternatl ve method has therefore been devised. and will be 
considered in this chapter. The method has been developed on the 
assumption that the far wake is adequately represented by a helical tip 
and an axial vortex and. unlike the near wake. is conStrained from 
distorting freely. Rather than computing the wake velocities and 
associated wake geometry for a series of time steps. as in the free wake 
analysis. the discrete vortices in the near wake are allowed to move 
freely through a computed velocity field to establish a wake pattern. 
This method has successfully been applied to a hovering helicopter rotor 
by Gray and Brown (1972). 
A Single bladed rotor has been chosen for the development of this 
analysis as it obviously reduces the complexity of the vortex system. 
hence computation time. It is noted that the vortex -wake model 1s an 
ideal case since the effects of turbulence. ground effects. and wind 
shear have not been included. However this model provides a starting 
point for the investigation of the real case. 
A blade-element theory has been developed (Chapter 2). The theory 
takes into account the induced drag and tip losses associated with the 
loss of circulatiCln in the vicinity of the blade tip. There are two 
models for calculating tip loss correction (Goldstein and Prandtl) and 
three proposed ways of applying the correction. All methods of 
calculating and applying tip loss correction are compared with the 
vortex-wake analysis. 
Experimental results from a two-bladed rotor will also be 
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presented. 
3.2 Vortex-wake analysis 
3.2.1 Model 
It is assumed that the isolated rotor is operating in a 
non-viscous. incompres si ble fl uid whi ch is mov ing with the free-stream 
veloci ty at inftni te distances from the rotor hub (except for points 
within the wake) such that Helmholtz's theorems and the Biot-Savart law 
are applicable (Lamb 1945). 
In order to simplify the analysis the blade is replaced by (a) a 
lifting line of constant circulation ,1: . (b) a straight line vortex of 
the same strength but opposite in sign. placed along the axis of the 
system and (c) a helical vortex, also of the same strength. is shed into 
the wake at the blade tip. The vortices have a core of constant radius 
.hl. which 1s assumed to rotate as a solid body. All vorticity 
associated with the vortex is confined to the core, the flow outside is 
assUmed to be irrotational. The velocity and pressure distributions of 
vortices have been measured (Loth 1977) and compared with the classical 
vortex (defined above) and results indicated that for radii greater than 
5h' there was no Significant difference. For simplicity. the classical 
ideal vortex model is used . A knowledge of the core Size is critical 
as it determines the magnitude of the induced velocities in the 
imIilediate vicini ty of the line vortex . Unfortunatel y. there are no 
Simple ways of estimating its size as it varies with age due to 
viscosity. From the experimental work of Cook ( 1972) and 
Landgrebe (1961) I the core radius has been taken to be one percent of 
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the ultimate waKe radius, wi thin which the induced velocity can be 
neglected. This result has been borrowed from the field of helicopters 
because no comparable source of information regarding the structure of 
the tip vortex issued from a wind turbine exists. 
Results from blade-element theory (Hutter 1961) indicate the 
validity of the assumption that for a high tip speed ratio turbine 
operating under load (i.e . considerable wake expansion) the circuiatlon 
along the blade is nearly constant, except in the immediate vicinity of 
the blade root and tip. thus allowing the wake to be modelled with the 
use of only tip and root vortices. Blades of non-optimum design 
depart from this ideal case but the results of Cook (1972) indicate that 
the vortex sheet can be assumed to be effectively rolled up, forming a 
strong tip vortex, after about seventy degrees of blade rotation. 
Vortices shed towards the blade root can be replaced by an axial line 
vortex. These vortices do not greatly effect the calculation of the 
induced velocity field outboard of their shed radii. The resulting near 
and far vortex-wake configurations are shown in Figure 3.1. 
3.2.2 Al'lalysis 
The induced velocity field is related to the vortex strength and 
geometry through the Biot-Savart law. From the general derivation given 
in Lamb (1945), the nOn-dimensional axial. radial and tangential induced 
velocity components are found to be respectively (see over): 
Figure 3.1 Schematic representation of the near and far vortex-wakes. 
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(3-1) 
(a-I) 
where 
,2 2 /1 2 I (') ( _ _/)2.- ,2 P :!j t ~ - ~ ~ CoS 11' -1p + Z - Z + 'YJ 
The unprimed coordinates refer to a general point at which the 
velocities are to be evaluated. The primed coordinates refer to the tip 
vortex. All dimensions and velocities have been turned into 
dimensionless quantities by dividing respectively by R'o::,1 and r 141fR;' , 
, 
where R!e is the ultimate wake radius. "l 1s the dimensionless core 
radius. It should be noted that for non-expanding flow equation <3.2) 
is an odd fUnction of the angular coordinate. V whereas 
equations (3.1) and (3.3) are even functions. Thus in the infinite wake 
the radial velocity of the tip vortex 1s zero and the values of the 
axial and tangential induced velocities are exactly twice those at the 
blade tip (if the effect of the blade lifting line is ignored). 
In this method, the assumption of a presoribed wake of a helical 
form allows the determination of the geometry and hence the tip vorte x 
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strength coefficient,Cr ' which is invariant throughout the analysis and 
is defined as 
C '" 
l' 
, 
A knowledge of the helix pitch angle, ; .. ' and the displacement ratio, 
, 
X' (::V .. /..Q lU, in the infinite wake allows Cr to be calculated. The 
helix angle at infinity is 
v. + , V .. (3'5) = 
I DR + I w 
..0 
-
where the induced tangential component. w~, consists of contributions 
from the helical and axial line vortices. Introducing into 
equation (3.5) the dimensionless induced velocities v' and w' as ~- ,.00 
deri ved by equations 0.1) and (3.3) . respecti vely and the tip vortex 
strength coefficient, Cr' we obtain. 
Then solving for 
The induced velocities v~Mand w~ .. are found numerically by integrating 
equations C3. 1) and (3.3) from +infini ty to -infinity. The term 28 is 
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the contribution from the root vortex system; where B is the number of 
blades. 
To allow the theoretical results obtained from this analysis to be 
compared with experimental data. the numerical method of determining the 
flow field 'Was arranged so that it was a spatial rather than temporal 
analysis. The position of the tip vortex is located by its intersection 
with a radial plane corresponding to a fixed azimuth angle. The 
resulting motion is referred to this plane thus reducing the problem of 
determining the posi tion and velocity of the vortex from a three to a 
two dimensional problem. This method is appropriate for comparing 
experiment and theory. as it is anticipated that experimental results 
(Appendix B) would be obtained from a radial traverse of the wake rather 
than observing the motion of a single element. these components Will be 
subsequently referred as 'apparent velocity components' to be consistent 
with the terminology. Gray and Brown (1972). The apparent velocities of 
the helix in axial and radial directions (Figures 3.2 and 3.3) are 
V I, I VQ " fXI t V - W ton ~ 
I 
and 
~ u/-w/tQr\ 
hence (see over) 
Figure 3.2 The" apparent axial velocity of the tip vortex, v~. Vco is 
the free stream velocity, n r is the angular velocity of the blade and 
Vi Wi , the axial and rotational induced velocities respectively. 
Figure 3.3 The apparent radial velocity of the tip vortex, u 'a • n r 1s 
the angular velocity and Wi ,u' the rotational and induced velocities 
respecti vel y. 
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Cr 
The axial and radial pitch angles are derived as 
and 
An analytical solution of equaqol'ls (3.1)-<3.3) is only possible 
for a uniform heliX (Lilley and Rainbird 1957) t therefore numerical 
techniques have to be employed. 
The problem is to determine the points at which the function is 
evaluated and assess the upper limit of the integral so that it 
accurately represents the infinite wake. These parameters can be 
determined only by trial and error. It appears that a satifactory upper 
limit for the integral is twenty revolutions of the tip vortex; beyond 
, 
this point the wake can be represented by a succession of vOrtex rings 
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I 
spaced equally at a distance of 211'Tan f>Od' The induced velocity field 
dUe to a vort.ex ring is well known (e. g. Rayner 1979). The function 
should be evaluated more often in the immediate vicinity of the point of 
interest since numerical integration approximates the curved trajectory 
of the tip vortex by a successiOn of straight lines. Experience 
indicates sat.isfactory results are obtained when locating the function 
) 0 
evaluation points at multiple integral values of 360 plus and minus 
000000 .. 
'.2.3.5.10,15 and thereafter 20 to the integral limit. 
3.2.3 Flow field of a ri gid uniform wake 
The flow field for a uniform helical wake has been calculated 
using equations 0.1)-(3.4) with values of 2.6 degrees and 0.0714 for 
the infinite helix angle and displacement ratio respectively and 1.3 
degrees and 0.035 which correspond to optimum loadings. The effect of 
the blade lifting line has not been incl uded at this stage of the 
calculation. The non-dimensional induced velocities at the tip vortex 
for azimuth angles between zero, at the blade tip, and 7200 degrees are 
shown in Figures 3.4 and 3.5 (The tangential induced velocity includes 
contributions from the axial line vortex) . Note that for a greater part 
of each revolution of the helix, the radial and tangential induced 
veloai ties are nearly constant. Rapid variation occurs dr'Ily in the 
immediate vicinity of integral values of 360 degrees from the blade tip. 
3.2~4 Dis~lacement of the tip vortex 
In the rigid wake model (section 3 . 2. 3) the position of the tip 
vortex 1s bound to the coordinate system and is therefore not force 
free . This condition is now relaxed and the tip vortex is allowed to 
Figure 3.4 Non-dimensional induced velocity components along the tip 
vortex (see Figure 3.1) associated with the tip and root vorticeS as a 
function of azimuth angle from the blade tip for the rigid wake model. 
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Figure 3.5 Non-dimensional induced velocity components along the tip 
vortex (see Figure 3. 1) associated with the tip and root vortices as a 
function of azimuth angle frOm the blade tip for the rigid wake model • 
. 1 0 
Tan 1 =1.3 , X'=0.0353 . 
.. 
21. 0 
22·0 
20 0 
18 0 
>- 16 · 0 AXIAL 
>-
u 
0 14 0 ~ 
w 
> 
0 1:2 0 
w RADlAL I NEGATIVE) 
u 
10 0 ::> 
0 
z 
:J. 80 
z 
0 6 a ;;; 
2 
w I. 0 ~ 
c 
z 2 0 0 
z 
TANGENTI AL 
o 0 
· 20 
.1. 0 
o 0 720 0 11.400 21600 288e 0 3500 0 1.320·0 501.0 0 5760 0 61.80 ' 0 72000 
0 ' 0 
1.00 
3S () 
36 0 
3 .. 0 
:12 ' 0 
30 0 
>- 28 0 !: 
u 25 0 0 
...J 
UJ 24 ·0 
> 
0 22 '8 
w 200 u 
':! 18 ' 0 0 
~ 16 '0 RADIAL I NEGATIVE I 
...J 
11, 0 
"" z 
0 12 0 
~ 10 0 Z 
w 
~ 8 0 
is 6 !i z 
0 
2. I. 0 
- ' 
2 0 TANGt:NTlAl 
GO 
~ 2 0 
.1. 0 
00 720 0 11.400 21600 2B80C 3600 '0 t.320 0 501.00 5760 O' 6480 (, nOll 0 
en.3 58 
move according to the induced velocity field in Figures 3.4 and 3.5 and 
the free stream velocity. The only condition which now remains is that 
the far wake, ie beyond 20 turns of the tip vortex helix, is prescri5ed 
to be a reglular helix identical to that used in section 3.2.3. This 
represents the starting point for the displacement procedure as its 
physical shape is time ... invariant. Working backwards in time from this 
point (towards the rotor) the new locations of the r adial and axial 
intersections of tip vortex, on the already defined radial planes, are 
eval uated. The general expressions for the coordinates of the 
intersection in each radial plane are 
III-M 
f ( u ~ 1"'/ N-,,'\+ I + U :'" N~M )( 1f N-'" - 11 N'-"'..) 
z 
and 
/ H·~ ~ Cr ? (V ~z, N~i I 1" V~, ,...,J ( 11' H~ - '"II' N-M + I l Z N-M 
z 
where n is the number of radial planes and 1 <m<n. The displacement 
procedure results in an expansion of the wake in the axial direction and 
a contraction relative to the far wake in the radial direction. 
The displaced position of the tip vortex is used to determine the 
new induced velocity field Figures 3.6 and 3.7; The displacement 
procedure is repeated including the effect of the blade lifting line. 
The displacement routine resul ts in a wake deformation, thus it is 
necessary to extend the upper limit of the integrals to provide an 
accurate model of the far wake. The resulting positions of the tip 
Figure 3.6 Non-dimensional induced velocity components along the tip 
vortex (see Figure 3.1) associated with the tip, root and bound vortices 
as a function of azimuth angle from the blade tip after one iteration. 
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Figure 3.7 Non-dimensional induced velocity components along the tip 
vortex (see Figure 3.1) associated with the tip, root bound vortices as 
a function of i3zjmuth angle from the blade tip after one iteration. 
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vortex, in the radial direction as a function of the non-dimensional 
aXial distance from the rotor tip 1s shown in Figures 3.8 and 3.9. The 
number of iterations re~uired for satisfactory convergence is determined 
by the amount of wake expansion and the required accuracy. It has been 
assumed that a difference of <3% between consecutive iterations is 
sufficiently accurate 1n view of the limitations imposed hy the 
assumption of the tip vortex structure. 
Introduction of the blade bound circulation r educes the rapid 
Q 
induced velocity fluctuations at integral multiples of 360 from the 
blade tip. Modification of the flow in the ilMlediate vicinity of the 
blade tip occurs due to the introduction of the blade lifting line. The 
number of tip vortex revolutions, from the blade tip, needed for the 
induced velocities to become asymptotic is increased due to wake 
deformation. This results in the wake taking longer to expand to its 
final v,alue. If the wake expansion is large or the wake helix angle 
small then errors will be introduced due to the radial velocity having a 
non-zero value and the axial velocity having not become asymtotic in the 
infini te wake (20 revol utions of the tip vortex). If necessary the 
radial and aXial velocities can be extrapolated beyond this point and 
additional displacements introduced. 
3.2.5 Blade parameters 
The blade geometry which satisfies the requirement that the 
circulation along the blade be constant (except in the vicinity of the 
tip and root of the blade) is determined from (a) the induced axial and 
rotational induced velocites (b) the free stream velocity and (c) the 
angular velocity of the blade. The induced velocities are determined by 
Figure 3.8 The final radial position of the tip vortex as a function of 
the nondimensional distance downstream of the rotor after tour 
/ 0 
iterations. Tan¢=2.6 . X=O.0714. 
oQ 
Figure 3.9 The final radial position of the tip vortex as a function of 
the nondimensional distance downstream of the rotor after four 
I 0 
iterations. Tan; = 1.3 • X=O. 0353. 
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integrating equations (3. 1) and (3.3) along the path of the displaced 
tip vortex trajectory and including the contribution from the axial line 
vortex. Contributions from the blade lifting line are not included. 
The blade bound vortex strength coefficient is related to the 
blade characteristics through the Kutta- Joukowski and blade-element 
theory. From blade-element theory. 
and the Kutta-Joukowski theorem 
dL ~.P Wr dr 
where t r . is the bound circulation about the considered radial element. 
Thus 
which is constant along the blade and indentically equal to the 
circulation in the tip vortex. The blade geometry is completely defined 
by 
I 2 ~ 
= ca 'IT A A Cr Sin ~ 
( I t V 2. C
r 
A ' ).J 
where 
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!ntroducing 
and 
A 
Q ;: 
I 
a ::. 
-v 
2 
J 
C A 1" 
A = DR 
·V 00 
v 
~ 
then both the poWer and thrust coefficients can be derived as 
and 
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(3- 9) 
where integration is taken along the length of' the blade. For a 1« 1 
equation (3.9) reduces to 
The effects of profile and form drag have not been incl uded in the 
derivation of the induced velocity field. In reality they result in a 
lowering of the power coefficient due to the creation of turbulence 
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(Chapter 2). 
3.3 Com parison of vortex-wake and blade-element theor y 
For a comparison to be made, both models need to be applied to the 
same blade. Computational procedures are greatly simplified if the 
blade parameters from section 3.2.5. are used to generate a suitable 
blade configuration for use in the blade-element analysiS. This 
relation does not determine the configuration uniquely but. provided the 
lift coefficient is supplied, the chord (c) and pitch ( ~$ ) may be 
determined. 
Two blade configurations, for a single bladed rotor. were 
generated by the vortex-wake analysis. The first had a tip speed ratio 
of 10.36 which corresponds to a helix pitch angle of 2.6 degrees in the 
infinite wake and a displacement ratio of 0.0714. The second, a tip 
speed ratio of 20.78. corresponding to 1.3 degrees and 0.0353 for the 
infinite helix angle and displacement ratio respectively. The values of 
the infinite wake angle and displacement ratio were chosen to correspond 
to a rotor operating near its peak efficiency (wake expansion ratio of 
1.414). The resulting tip speed ratios are representative of the upper 
and lower operating values for a one bladed rotor. 
The two blade configurations were introduced into the blade 
element model (Chapter 2) . The resulting interference factors (a and 
a') and angle of relative flow (as a function of blade radius) for the 
seven possible methods of calculating tip loss correction are shown in 
Tables 3.1 to 3.6. The flow parameters for the vortex-wake are also 
included. The power and thrust coefficients for each model are shown in 
Tables 3.7 and 3.8. 
'Fable 3.1 Comparison of predicted relative flow angles for a horizontal-axis wind! 
o I 
turbine, ).. :10.36" :2.6, X=0.0714. 01). 
x vortex F::.l. Goldstein Prandtl 
standard linear cyclical standard linear cyclical 
O. 1 28.76 21.57 27.34 27.43 27.47 27.58 27.57 27.58 
0.2 11.17 16.81 16.78 16.,79 16.80 16.80 16·.81 16.82 
0.3 11.92' 11.76 11.70 11.73 11.7!J 11.75 11.75 111. 71 
0.4 9.06 8.98 8.96 8.97 8.97 8.95 8.96 8.,97 
0.5 7.27 7.24 7.23 7.23 1.25 7.18 7.21 7.23 
0.6 6.05 6.05 , 6.04 6.05 6.05, 5.94 6.00 6.00 
0.7 5. 13 5., 18 5.16 5.17 5.18 4.97 5.07 5.09 
0.8 4.31.f 4.52 4.39 4.46 4.46 lJ.02 ~.29 4.29 
0.9 3.33 3.86 3.23 3.62 3.62 3'.58 3.36 3.32 
1.0 4.27 
Table 3 ~ 2 Compariso l1 of predicted axial interference factors for al horizontal-axis wind 
A 0, I turbine. :10.36. ~(IO, :2.6. X=0.071LJ. 
x vortex F': 1. Goldstein Prandtl 
standard linear cycJlical standard linear cyclical 
O. 1 0.3279 0.360~ 0.3660 0.3625 0 • .3630 0.3605 0.3604 0.3605 
0.2 0.3285 0.3425 0.34,35 0.3430 0 • .3430 0.3427 0.3426 0.3425 
0.3 0.3294 0.3378 0.3411 0.3395 0.3393 0.3385 0.3381 0.3378 
0.4 0.3309 0.3362 0.3374 0.3368 0.3366 0.3382 0.3372 0.3370 
0.5 0.3333 0.3361 0.3367 0.3364 0.3356 0.3410 0.3385 0.3378 
0.6 0.3374 0.336~ 0.3374 0.3369 0.3368 0.3485 0.3423 0.3422 
0.,7 0.3457 0.3386 0.34211 0.3403 0.3392 0.3660 0.3526 0.3515 
0.8 0.3682' 0.3430 0.3605 0.3508 0.3507 0.l.f141 0.3759 0.3764 
0 .. 9 0.4557 0.3685 0.4,725 0.4067 0.4078 0.5768 0..4502 0.4570 
11.. 0 0.2257 
Table 3.3 Comparison of predicted tangential interference factors for' a horizontal-axis wind 
. o I 
turbine. A =10.316, ct>oo=2'.6, X=0.0714. 
x vortex F= 1. Goldstein. Prandtl 
standard linear cyclical standard linear cyclical 
O. 1 0.1,814 0.1816 0.1826 0.,1851 0.1822 0.1816 0.18 116 0.1818 
0.2 0.0481 0.0499 0.0500 0.0501 0.0500 0.0.499 0.0499 0.0500 
0.3 0.0281 0.0226 0.0227 0.0228 0.0221 0.0226 0.0227 0.0227 
0.4 0.0124 0.0128 0.0128 0.0128 0.0128 0.0129 0.0129 0.0128 
0.5 0.0080 0.0082 0'.0082 0.0082 0.0082' 0.0083 0'.0083 0.0083 
0.,6 0.0056 0.0057 0.0051 0.9057 0.0057 0.0058 0'.0058 0.0058 
0.7 0.004,1 0.0042 0.0043 0.0043 0.0043 0.0044 0.0044 0.0043 
0.8 0.0033 0.0033 0.0033 0.0034 0.0033 0.0035 0'.0036 0.0034 
0.,9 0.0031 0.0027 0'.0029 0.0030 0.0028 0.0029 0..0034 0.0028 
11. 0 O.OOlS 
Tabl e 3.4 Comparison of predicted relative flow angles for a horizontal-axis wind turbine, 
o I ~ =20.78, t =1.3. X=0 . 0353. 
cD. 
x vortex F=1. Goldstein Prandtl 
standard linear cyclical standard .linear cyclical 
O. 11 16.56 16.23 16.24 16.22 16.21 16.22 16.22 16.20 
0.2 8.,73 8.63 8.63 8.63 8.62 8.63 8.631 8.62 
0.3 5 . 88 5.81 5.80 5,.80 5.82 5.80 5.80 5.82 
0.4 4. 42 lj.37 4.37 4.37 4.37 4.37 4.37 4.37 
0.5 3.53 3.49 3.49 3.49 3.49 3.49 3.49 3.49 
. 0.6 2 •. 93 2.90 2.90 2 .• 90 2.90 2.90 2.90 2.90 
0.7 2.49 2.48 2.li8 2.48 2.,48 2.li7 2.li9 2.48 
0.8 2. 14 2.16 2'. 15 2.15 2.15 2.15 2·.14 2.14 
0.9 1. 75 1.90 1.63 1.82 1.82 1.58 1. 79 1. 78 
1.0 
Table 3.5 Compariso.n of predicted axial interference factors for a horizontal-axis wind 
turbine, A. ::20.78. q>(OQ=1.3: X'=O.0353. 
x vortex F=l, . . Goldstein Prandtl 
standard linear cyclical standard linear cyclica'l, 
O. 1 0.3S31 0.36~9 0.3639 D. 36~S 0.36~5 0.36~9 O.36~9 0.3650 
0.2 0.3537 0.3606 0.3616 0.3610 0.3614 0.3606 0.3606 0.36101 
0.3 0.3546 0.36 16 0.3618 0.3617' 0.3607 0.36116 0.3616 0.3606 
o.~ 0.35611 0.3620 0.3620 0.36201 0.3622 0.3620 0.3620 0.3622 
0.5 0.3581 0.3631 0.3631 0.3631 0.3622 0.3622 0.3632 0.3633 
0.6 0.3614 0.3665 0.3665 0.3665, 0.3664 0.3670 0.3667 0.3667 
0.7 0.3667 0.3679 0.3681 0.3680 0.3676 0.3706 0.3609 0.3688 
0.8 0.3:789 0.3702 0.3741 0.371;8 0.3710 0.3827 0.3760 0.3758 
0.9 0.4267 0.3766 0.4643 0.4029 0.4034 0.4816 0.4131 0.4158 
1.0 0.2617 
Table 3.6 Comparison of predicted tangential interference factors for at hori zonta,}-axis wind 
turbine; A :20.78; 4>00 = 1. 3°; X~O. 0353. 
x vortex F=1. Goldstein Prandtl 
standard linear cyclical standard linear cyclical 
O. 1 0.0470 0.OS11 01.0510 0.0509 0.0501 0.0511 0.05111 0.0511 
0.2 0.0124 0.0132 0'.0132 0.0132 0.0132 0.0132 0.0132 0.0132 
0.3 0.0056 0.0059 0'.0059 0.0059 0.0059 0.0059 0.0059 0.0059 
0.4 0.0032, 0.0033 0.0033 0.0033 0.0033 0.0033 0.0033 0.0022 
0.5 0.00201 0.0021 0.0021 0.0021 0.0021 0.002'1 0.0021 0.0021 
0.,6 0.0014 0.0015 0.0015 0.0015 0.0015 0.0015 0 •. 0015 0.0015 
0.1 0.0010 0.00.11 0.00111 0.0011 0.0011 0.0011 0.00111 0.0011 
0.8 0.0008 0.0008 ' 0.0008 0.0008 0.0008 0.0009 0.0009 0.0008 
0.9 0.0007 0.0007 0.0007 0.0007 0.0007 0.0007 0.0007 0.0007 
1.0 0.0003 
Table 3.7 Comparison of predicted power and thrust coefficients for a horizontal-axis win.d 
o I 
turbine. A =10.36.4>00=2.6. X=D.0711!. 
coefficient vortex 
power 
thrust 
0.5207 
0.837~ 
F=·' • 
0.5i!87 
0.8312 
Goldstein 
standard linear 
0.5168 0.5320 
0.8178 0.824i! 
cycl ical standard 
0.5318 0.4778 
0.8240 0.80111 
Prandtl 
linear cyclical 
Qi.51i!3 
0.817i! 
0.5127 
0.8163 
Table 3.8 Comparison of predicted power and thrust coefficients for a horizonta,l-axis wind 
'\ Q , 
turbine, ~ =20.78, ~~=1.3, X=0.0353. 
coefficient vortex 
power 
thrust 
0.5330 
0.8695 
F= 1., 
0.5i!68 
0.8538 
standard 
0.5282 
0.8i!93 
Goldstein 
l i near cyclical standard 
0.5381 
0.8516 
0.5385 
0.8518 
0.5211 
O.8i!77 
Prandtl 
linear cyclical 
0.5349 
0.8510 
0.5342 
0.8508. 
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Resul ts indicate that for both blade configurations close 
agreement exists between the vortex-wake analysis and blade-element 
theory when tip losses are calculated using the solution of Goldstein 
and applied in the standard way. Of the two configurations, the blade 
wi th a tip speed ratio of · 10.36 agrees more closel y. This can be 
attributed to, (a) the reduced int raction between adjacent turns of the 
helical tip vortex and (D) the far wake (20 tip vortex revol utions) 
which is twice the distance from the rotor, hence a better 
representation of the infinite w re. As the ,induced velocities are 
reached asymptotically it is POSSir le to reduce the effects of (b) by 
increasing the number of tip vorter revolutions to the far wake. This 
unfortunately increaSes computatio time proportionally. The effects of 
(a) are more difficult to correc as a greater knowledge of the tip 
vortex stucture is required. 
The largest discrepancy be ween the vortex-wake analysis and 
blade-element theories exists in t l vicinity of the blade root and tip. 
In the root region the difference is thought to be due to the 
misrepresentation (vortex-wake an lysis) of the shed vorticity by a 
straight axial line vortex and t e assumption (blade-element theory) 
that the rotational interference factor, a', is small. As the 
rotation of the slipstream becomes significant the pressure in the wake 
is no longer equal to the ambient ressure. The induced velocities are 
no longer half thoSe of the far equations (2 . 8) and (2.9) 
w111 be in error. Fortunately the errors introduced Will be small and 
thus have little effect on the load and performance. 
The expanding wake of the wind turbine causes the tip vortex to be 
displaced outboal"d of the blade tip. The effect of the tip vortex is 
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however less than that which would be prescribed by either Goldstein or 
Prandtl. This is reflected by the fact that the induced velocity, at 
0.9R, derived from the vortex-wake analysis is less than those predicted 
by the blade-element theories which incorporate tip losses. 
It should be noted that the power coefficients deri ved by the 
blade-element theory are greater when the Goldstein method used compared 
with that of Prandtl. This is somewhat suprising as in general 
(Chapter 2) the Goldstein method usually results in a lowering of the 
predicted power coefficient when applied to an optimised blade 
configuration. Both the linear and cyclical application of tip loss 
increases the predicted power coefficient compared with the standard 
method of application. 
3.4 Experimental results 
Measurements" (AppendiX B) of the mean axial velocity 18.5 em 
behind a two--bladed 3-metre diameter rotor (designed optimum tip speed 
ratio ot ten, Chapter 8) have been made (Figure 3.10). The turbine was 
operating at a tip speed ratio of 9.8 in a wind speed of 8.6 mls. 
The previous theoretical analysis is only strictly valid for a 
single-bladed rotor. However, it can be assumed that the mean velocity 
behind a tWO-bladed rotor is the same when the solidities are equal and 
the tip speed ratio is half that of a single-bladed rotor. The mean 
axial velocity can be derived from the previous theoretical analysis by 
integrating the axial induced velocity (equation 3.1) over 21\ radians 
(one blade revolution). Presented in Figure 3.10, for comparison, is 
* I am grateful to Dr J. N .Ross for making these measurements available 
and also the staff of the British Aerospace Wind Tunnel for their help. 
Figure 3.10 Comparison of theoretical analysis and experimental results 
of the mean ax ial velocity measured 18.5 em behind a two-bladed rotor 
operating at a tip speed ratio of 9.8. 
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the theoretical radial profile of the mean axial velocity at the same 
distance behind a single-blade rotor operating at a tip speed ratio of 
19.55. 
From these results it can be seen that close agreement exists 
between experiment and theory. It is interesting to note that the mean 
axial velocity is greater than the free-stream velocity outside the 
rotor and between 0.9 and 1. OR the velocity shows a decrease compared 
with radii in-board of this point. Both of these results are predicted 
by the theoretical analysis and can directly be attributed to the strong 
tip vortex. 
An indication of the position of the tip vortex is the maximum of 
the turbulence intensity (root mean square or the velocity fluctuations 
normalised with respect to the undisturbed velocity), Figure 3.11. From 
this figure it appears that the tip vortex is located at approximately 
0.95R, whereas the theoretical analysis places it at 1.02R. This 
discrepancy is thought to be due to, a) the radial position was based on 
the blade when it was stationary. not deflected and b) the tip vortex is 
not being shed from the tip but at a point slightly in-board due to the 
blades having a non-uniform circulation. 
3.5 Methods for reducin~ CPU time 
Computer processing time for this model is moderately long. The 
CPU time for the IBM 370 was approximately 30 minutes. The major 
portion of the CPU time was required for calCUlating the velocities of 
the vortex elements. Therefore, a reduction in either the number of 
vortex elements representing the wake or the function evaluation points 
would be beneficial. 
Figure 3.11 MeaSured turbulence intensity 18.5 em behind a two-bladed 
rotor operating at a tip speed ratio of 9.8. 
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The first of these was accomplised by initially representing the 
wake as a succession of vortex rings, spaced equally at a distance or 
, 
2irTan ~Oo' The induced velocity field was derived from Rayner (1979) 
and the vortex core waS taken ini tiall y to be 1% of the ul timate wake 
radius. The rings were then allowed to convect and contract relative to 
the far wake in the free-stream and ind uced velocity fi eld which they 
created according to equations (3.6) and (3.7). Once the wake had 
become stable (approximately 5 iterations) it was replaced with a 
helical tip vortex and displaced according to section 3.2.4. 
ThiS reduced the CPU time by approximately 10 minutes due to, a) 
the number of vortex elements (rings) corresponds to the number of 
revolutions as opposed to some multiple of this, b) axial symmetry meant 
that only two components of the non-dimensional induced velocity need be 
evaluated compared with three for a helical tip vortex and c) the number 
of iterations required using the helical tip vortex are considerably 
reduced. 
Wi th reference to Figures 3.6 and 3.7 it can be seen that the 
non-dimensional induced velocity components, at the tip vortex, for 
azimuth angles greater than 2880 degees show no large fluctuations. It 
is therefore possible to evaluate the non-dimensional indUCed velod ty 
components less frequently (once every 2 revolutions) and interpolate 
for intermediate values. This was found to reduce the CPU time by a 
further 5 minutes. 
Therefore a total reduction of 50% was possible USing these two 
67 
Ch.3 
methods. 
3.6 Conclusions 
For the two blade configurations considered it has been shown that 
a vortex-wake analysis of a horizontal-axis wind turbine predicts loads 
which are very similar to those obtained by blade-element theory which 
incorporates tip losses. The closest agreement was found when tip 
losses were calculated from Goldstein and were applied in the standard 
way . DiscrepancieS, between the vortex-wake analysis and blade-element 
theory. arose in the region of the blade tip. This difference was 
thought to be due to the over-estimation of the effects of the tip 
vortex 1n the blade-element theorems. 
The measured mean axial velocity behind a two-bladed rotor is in 
reasonable agreement with the theoretical prediction. 
The power coefficients derived by the vortex-wake analyis were 
Similar to those which would be obtained by a fully optimised blade at 
the same tip speed ratio. This indicated the validity of the assumption 
that for an optimum blade configuration the circulation along the blade 
is constant except for regions close to the tip and root. 
The vortex-wake analysis has advantages over blade-element theory 
in that it provides information on the radial flow and the axiai 
velocity deficit in the wake. The main disadvantage of the vortex-wake 
analysis is the computation time necessary to obtain a solution . Unless 
information is required about the wake. it is satifactory to use the 
blade-element theory with a suitable model for tip losses. 
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Optimum blade shapes 
4. 1 Introd uction 
The normal procedure for determining the blade shape for a 
horizontal-axis wind turbine is to optimise independently each radial 
element by varying the chord and pitch to obtain the maximum efficiency. 
This method us~ally results in complex blade shapes which can be 
expensi ve to manufacture and may not have structural integrity. It is 
also limited to turbines which operate at a constant t.ip speed ratio 
(CTSR) • The purpose of this chapter is to ex tend the optimisation 
proced ure to turbines operating at a constant rotational speed (CRPM) 
and to compare near-optimllD and optimum blade shapes for both modes of 
operation. 
Three blade shapes are considered; constant-chord zero-twist 
(CClT), tapered-chord zero-twist (TeZT) and optiml.Dn- chord optimum-twist 
(OCOr). To enaQle an optimised blade shape to be derived for a turbine 
operating at CRFM Weibull probability functions are used. A NACA 4412 
aerofoil section (as discussed 1n Chapter 2) is used throughout this 
study. 
4 . 2 Performance pred iction 
Performartce prediction will be based on the blade-element theory 
(Chapter 2). AS discussed in Chapter 2 there are two models (Goldstein 
and Prand tl) trom which the tip loss correction can be determined and 
three ways of applying it (standard. linear and cyclical) in total six 
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combinations. !his analysis will indicate the general method of 
determining the opt1mlml blade shape from the appropiate equations. 
however detailed r esults will only be presented from using the Prandtl 
model and applying it in the standard way. 
From equation (2. 17) the elemental power coefficient can be 
derived as 
where 
and 
d Cp = 
dx 
- 2. . 2. (l- a) ,. [x A (I + a')] 
¢ = to.n -I ( (\- a) ] 
X A (I + 0') 
("'-t) 
The additional formulae (Chapter 2) for the three methods of application 
are (see over) 
Ch.4 
Standard 
Linear 
Cyclical 
Of = C ton ¢ 
XA. 
(J CL ==....sL- 4. F tat'l q, 5;" 1> \ .... a 
a to.n ¢ (I -Q F ) 
x A \ - a 
a = 
0- C '" Q ( \- 0. F) 4. F to", <f. sin ~ 
L ( t _ a) 1 
0" C:: Q (F - a G) 4- F tan ¢ si n cp 
L . (I_Q)2 
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(4-'4-5) 
(4-'5S) 
(4·SL) 
(~'l.i.c.) 
where F in all cases is the tip loss factor determined from either the 
Goldstein or Prandtl model. It may be observed that if the tip loss 
factor, F. is equal to tmity. the above equations reduce to those of 
Glauert (1935), and in the case of the acOT blade shape. a simple 
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sol ution. 
4.3 Blade optimisation 
The two oper-ating modes t (a) CTSR and (b) CRPM require slightly 
different optimisation techniques and therefore will be discussed 
separ atel y . 
. (a) Constant tip speed ratio (CTSR) 
It is assumed that the turbine can maintain a CTSR operation to 
within a feW" percent of its designed tip speed ratio. This enables the 
optimisation procedure to be performed only for the designed tip speed 
ratio. 
, 
'The proced ure for determining the blade shape t for max imum power, 
for acOT blades has been developed from the method suggested by 
Walker (1976). The blade chOrd (c) and pitch angle (~$) are varied at 
each radial element independently of every other radial element until 
the elemental power coefficient (equation 4.1) has reached a maximum. 
This is attained when every radial element of the blade is operating at 
the maximum lift to drag ratio of the aerofoil section. 
'the optimisation is carried out for a fixed val tie of tip speed 
ratio A. and a fixed number of blades B. The procedure (Figure 4. 1) 
results in an optimum val ue of crCL, and ¢ at each radial station of 
the blade. The actual shape of the blade is not completely defined as 
it depends on the lift coefficient, CI.. I and the angle of attack 
corresponding to the maximum lift to drag ratio. 
At the completion of the optimisation procedure the power 
Figure 4.1 Flow chart of the procedure for determining the 
optimum-chord optimum-twist blade shape for turbines designed to operate 
at a constant tip speed ratio. For equations denoted by an asterisk the 
appropriate ones should be used depending on the method of applying tip 
loss correction. (S:standard, L:linear, C=cyclical). 
For a given r adial station (x), lift to drag 
ratio (LD) and t i p speed ratio (A) 
In itially set a~O and a'~O 
Calcu l ate ¢. equation (4.3) 
Calculat e a', equation (4.4)* 
yes 
Calculate oCL, equation (4 .5 )* 
Cal culate ( ~ ) 2, equation (4.2) 
00 
Calcu l a te ~P' equation (4.1) 
dx 
no 
Repe at ca lculations for next radial station 
ad j ust a 
Ch.4 72 
coefficient for the complete rotor is determined from 
\ 
Cp =f dep dx 
o dx 
The effect of the 11ft to drag ratio on the angle of relative 
flow ( ~) and xCL 0'" is shown in Figures 4.2 and 4.3 for a two-bladed 
rotor operating at a tip speed ratio of ten. These resul ts ind icate 
that the lift to drag ratio has very little effect on either of the two 
parameterS. The effect on the maximLID power coefficient of designing a 
blade for a given lift to drag ratiO and then operating with a different 
lift to drag ratio is shown in Figure 4.4. From this analysis it can be 
concluded that the assumed lift to drag ratio in the original 
optimisation procedure has little effect on the resulting performance 
and therefore the drag can be neglected. 
Presen ted in Fig ures 4.5 and 4. 6 are the resul ts of using thi s 
method to determine the oeDT blade shape for a two-bladed rotor. 
The procedure for determining the blade shape for maximLID power 
for eeZT and TeZT blades is more complicated as the radial elements are 
interrelated. The eeZ! blade has two independent variableS! 
(i) blade pitch angle, 13" 
( i1) blade chord t c 
and the TeZ! blade has three: 
Figure 4.2 The effect of the lift to drag ratio (LD) on the angle of 
reI ati ve flow. 
Figure 4.3 The effect of the lift to drag ratio (LD) on X~C~. 
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Figure 4.4 The effect of the designed lift to drag ratio on the maximum 
power coefficient for a range of operating lift to drag ratio s . 
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Figure 4.5 Solidity of optimum-chord optimum-twist two-bladed wind 
turbines designed to operate at tip speed ratio of f'1 ve to eleven as a 
function of the fractional radius. 
Figu-re 4.6 Blade pitch angle of optimum-chord optimum-twist two .. bladed 
wind turbines designed to operate at tip speed ratio of f1 ve to eleven 
as a function of the fractional radius. 
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(1) blade pitch angle j Po 
(U) taper. dc/dr 
(iii) blade chord at O. SR. c 
A numerical techttique employing the method of simplex. 
Nedler et al. {1965}, has been developed. The simplex method is robust 
and does not require tne gradient of the function (C~ ) to be evaluated. 
This is of significant importance since the performance prediction 
method described prev iously t is susceptible to small errors which are 
introduced in the iteration procedure. Unl ike the previous analysis the 
drag can not be ignored as each radial element will be operating at a 
different lift to drag ratio. 
The optimised blade shapes for both configurations j is found by 
varying the independent variables according to the algorithm developed 
by Nedler et a1. (1965) until the integrated elemental power coefficient 
(equation ~.6) has reached a maximum. For each set of independent 
variables the chord and pitch angle are determined at each radial 
element. The elemental power coefficient for each element is then 
determined by solving equations (4.2) to (4.6) iteratively according to 
the method developed in Chapter 2. After this is completed, the 
elemental power coefficients are integrated along the blade. 
The results of this analysis are presented in Figures 4.7 to ~. 11 
for a twO-bladed rotor. The aero foil characteristics are appropriate 
for turbines of diameters in the range 3-6 metres. 
The off-design performance characteristics of the three blade 
configurations (OeOT, eeZT and TeZT) are shown in Figures 4.12-4.14. It 
Figure 4.7 Blade pitch angle of constant-chord zero-twist two-bladed 
wind turbines as a function of the designed tip speed ratio. 
Figure 4.8 Ratio of chord to rotor rad ius of constant-chord zero-twist 
wind turbines as a function of the designed tip speed ratio. 
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Figure 4.9 Blade pitch angle for tapered-chord zero-twist two-bladed 
wind turbines as a function of the designed tip speed ratio. 
FigUre 4.10 Ratio of chord (at 0.5R) to rotor radius of tapered-chord 
zero-twist two-bladed wind turbines as a function of the designed tip 
speed ratio. 
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Figure 4.11 Rate of taper (dc/dr) of tapered-chord zero-twist 
two-bladed Wind turbines as a function of the designed tip speed ratio. 
Figure 4.12 Off-design tip speed ratio performance of optimum-chord 
optimum-twist two-bladed wind turbines, designed to operate at tip speed 
ratio of five to eleven. 
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Figure 4.13 Off-design tip speed ratio performance of constant-chord 
zero-twist two~bladed wind turbines. designed to operate at tip speed 
ratio of five to eleven. 
Figure 4.14 Off-design tip speed ratio performance of tapered-chord 
zero ... twist two-bladed Wind turbines, designed to operate at tip speed 
ratio of f1 ve to eleven . 
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is evident that there is an optimum designed tip speed ratio 
corresponding to a maximum power coefficient and. conversely. a minimLim 
energy loss. For all three blade configurations the optimlml tip speed 
ratio appears to be approximately seven. Increasing the tip speed ratio 
beyqnd this optimllD increases the energy loss due to profile drag and 
below this value the effect of slipstream rotation and tip losses become 
more significant. In general j increasing the number of blades has no 
effect on either the drag or slipstream rotation but it does reduce the 
tip losses and will marginally increase the power coefficient. 
The effect of blade twist is to maintain the aerodynamic angle of 
attack at the maximl.lD lift to drag ratio. In general terms. the lower 
power coefficients for the untwisted blades arise partly from the blade 
root being stalled and al so. in the case of the CCZT blade. its 
increased tip losses. 
The results presented in Figures 4.12 to 4.14 have been derived 
from aerofoll characteristics at Reynolds nUltlbers appropriate for 
turbines of diameters in the range 3-6 metres. Increasing the si ze of 
the rotor (increasing the Reynolds number) has two effects. The first 
is that the performance of all three blade configurations will increase 
due to a reduction in the profile drag and the second. which 1s perhaps 
more significant. is that the loss of performance aSSOciated with the 
simpler configurations will not be as great due to blade stall occurring 
at a higher angle of attack. 
Of interest. for small machines. is the starting torque which is 
defined as (see over) 
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I 
'.f If" c. X 2 dx 
This determines the wind speed at which the torque produced by the rotor 
is sUfficient to overcome stiction and therefore the wind speed at which 
the turbine will start to produce power. The starting torque for the 
three blade configurations is shown in Figure 4.15 as a function of the 
designed tip speed ratio. It is apparent frOm this figure that the 
starting to r que coefficient decreases with increasing tip speed ratio 
reflecting the reduced pitch angle and chor d. It is also apparent that 
the OCOT blade configuration has a generally higher starting torque 
coefficient than either of the other two blade configurations. This is 
due to the large pitch angle and chord near the blade root. 
(b) Constant rotational speed (CRPM) 
A turbine wnich is designed to operate at CRPM' within limits 
typical for a synchronous or induction generator Will operate over a 
range of tip speed ratiOS deI'end ing on the Wind velocity. 
The wind velocity varies according to a pr obability function and 
it has been shown (e.g. Bossanyi et a1. 1979. Hennessey 1977 , 
Swift-Hook 1979) that a Weibull distribution (two independent 
par ameters) adequatel y represents this function. The normal ised 
probability function is given by 
Figure 4.15 The starting torque coefficient as a fUnction of the 
designed tip speed ratio for the three blade configurations. 
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where the two parameters Vs (scale factor) and k (shape factor) are 
related to the mean wind speed and the variance. The mean wind speed 
and mean cubed wind speed can be derived as 
V=Vf(I+\/k) s 
and 
where " r 1s the gamma function. 
Hence the function we wish to maximise is 
where Cp (A) is given by equation (4.6) and the tip speed ratio as 
A.= DR 
V 
where ~ is the operating angular velocity. P is the mean annual power 
output of the turbine and Ve and Vi are the cut-in and furling Wind 
speeds respectively. An ex traction factor can be defined as 
(4..~) 
which is the fraction of the total resource which can be ex tracted by" a 
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given design at a particular site. 
The number of independent variables In equation (4.7) for OCOT 
blade shape is 2N+1. This consists of the blades angular velocity (It) 
and the chord and pitch angles at N radial stations. To reduce 
computation time only four radial stations were used . These were 
situated at 0.1. 0.4. 0.7. and 1.OR. Intermediate values of 'the chord 
and pitch angle were found by linear interplotation. A cubic spline 
interpolation method was also tried but the differences in the results 
did not warrant the added complexity. It was also felt that a blade 
conSisting of three tapered sections each having a linear twist might 
reduce manUfacturing costs. 
The number of independent variables required for blades of CCZT 
and TCZT were three and four respectively. The same as used in the 
optimisation for CTSR. plus the angular velocity. 
Tables 4.1 to 4.3 present the results for the three types of blade 
shape designed to operate at CRPM. The parameters defining the blade 
,~ , 
shapes are the result of minimiSing equation (4.7) using the method of 
simplex for six sets of Weibull parameters which are representative of 
both on- and off-shore wind data. The results are presented in a form 
which allows them to be scaled directly to any sized machine. The 
integral limits (equation 4.7) Vc and V-f were taken to zero and 
infinity respectively. As discussed by Bossanyi et ala (1979) the 
effects of having non-zero V 
c. 
and a finite Vf are not significant 
when the rated wind speed (maximum power output) is greater than 2.5V . 
-The rated wind speed for all three blades was of the order 3. OV and the 
load factor (average to rated power) was approximately 10%. The energy 
ex traction factor I which in essence is a weighted average power 
Table 4. 1 Optimum Blade Geometry and Related Parameters for CCZT Configuration Operating, at CRPM (B "" 2) 
Weibull V 
s 
5 ('m s -1) 7{m s-] ) lO(m s-l) 
Parameters k 1.5 1. 75 1.5 11.75, 1.5 1. 75 
Bladel pi teh Angle 7.68 7.27 7.25 7.17 7,,21 7 .. 76 (So) 
Chord/Radius (c/R) 0.179 0.154 0.154 o .15S, 0 ,, 156 0.l!86 
Extraction factor 0.294 0.30,1 0.293 0.302 0.293 0.303 
Tip velocity (m 8,-1) 52.2 46.6 75.7 64.6 108.6 87.8 
Table 4.2 Optimum Blade Geometry and Related Parameters for TCZT' Blade Configuration Operating at CRPM {B 2} 
Weibull V' 5(m s-l) 7{m a-I) IO(m a-I) 
a 
Parameters k 1.5 L 75 1.5 1. 75 1.5 1. 75 
Blade Pitch Angle 7.02 7.02 6.59 6.98 7.33 6.,93 (8 ) 
0 
Chord/Radius (c/R) 0.171 0.172 0 ,, 145 0.173 0.177 0.173 at O.S R 
dc Taper Cdr) -0.114 -0.126 -0.093 -0.136 -0.088 -0.141 
Extraction factor 0.303 0.312 0 ,, 298 0.312 0.302 0.307 
Tip velocity (m s-l) 55.4 46.3 83.1 65.9 107.9 94.4 
l 'ab1e 4.3 optimum Bl ade Geometry and Related Parameters for OeOT' (see Text) Blade Configuration 
Operating at CRPM (B = 2) 
Weibul1 V 5(m s-l) 7(m s-l) 
s 
Parameters k 1.5 1. 75 1.5 1. 75 
Radius (%) c/R B 
s. 
c/R B. 
s: 
c/R Ss c/R S s c/R 
10' 0.305 27.3 0..186 20.7 0'.377 26,2 00.427 251.5 0.480 
401 0.263 12.9 0.134 8.9 0'.275 12.0 0'.263 11.0 0'.167 
70 0.157 7.4 0.116 4.2 0'.132 S,.7' 00.117 6.5 00.122 
100' 0,059 2.9- 0.016 2.7 0.059 4.1 0.055 3.0 0.012 
lO(m, s-l) 
][,5 1. 75, 
S c/R 8. 
s s 
30.5 0.502 26.7 
7.9 0.249 11.2 
6.9 0.105 5.2 
-1.3 00.037 2.2 
Extraction factor 0.345 0.340 0.347 0.355, 0.337 0.354 
Tip Velocity (m s-l) 51.,4 54.8 76.3 64.9 122 .9 100.0 
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coefficient, was of the order 0.3 for CeZT and teZ! blade shapes and for 
the optimum blade (consisting of three tapered sections) was 
approximately 0.34. Increasing the scale factor, Vf which was 
approximately 10S greater than the mean wind speed, V had little 
effect on the extraction factor but it did cause the tip velocity to 
increaSe. However, increasing the shape factor, k increases the 
extraction factor. This can be accounted for by the fact that the 
variance of the probability distribution decreases with increasing shape 
factor. 
Detailed results of the turbines I performance at individual tip 
speed ratios are not presented but it is interesting to note that the 
power coefficient always peaked at a tip speed ratio of approximately 
six. The tip speed ratio correspond ing to the most frequent wind speed 
was 10-15S lower. Increasing the number of blades will increase the 
extraction factor due to reduced tip losses . 
Both AnderSon et al. 1978 and Bossanyi ~t a1. 1979 have indicated 
that a high rated Wind speed and low load factor t which this analysis 
predicts. may be \mdesirable on the grounds that such a design would 
give rise to prolonged gaps in the energy supply. If a lower rated wind 
speed is adopted (say 1. 5ii) these gaps are consid er abl y red uced but at 
the expense of a reduction in the annual energy output by up to 50$. 
Anderson ~ al. 1978 have suggested that this energy loss may be 
recouped by increasing the diameter of the rotor. They then went on to 
show that such a design may in fact be more economic due to a reduction 
in the cost of the generator, grid connections and structural loadings. 
The optimum rated wind speed will therefore be determined by economic 
factor's. 
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This analysis has shown that it is possible to design a blade for 
maxim1.nD annual energy output when operating at a constant rotational 
speed without any restrictions being placed on any of the variables. It 
could therefore be easil y ex tended to max imise the load factor for an y 
combination of a number . of variables once the correct parametric 
relationship had been determined from economic considerations. 
4.4 Conclusions 
In this chapter t a method has been developed for systematically 
designing optimum and near optimum blade shapes for both CTSR and CRPM 
operation. For both modes of operation the results indicate that CeZT 
and TClT blades have a performance comparable with that of the OCOT 
blade. This Simpler form of construction might reflect in a reduction 
in the cost of the blade manufacture. The subsequent reduction in the 
cost of the complete turbine depends on the proportion of the cost which 
is attributed to the blades. 
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Chapter 5 
The interaction of turbulence with a horizontal-axis 
wind turbine 
5.1 Introduction 
Two aspects of the interaction of turbulence with a 
horizontal-ax is wind turbine are considered in this chapter. The first 
concerns the turbulent variations in the wind velocity over the rotor 
swept area. This will give rise to two effects, a) a reduction in the 
available energy due to incoherence of the velocity fluctuations across 
the rotor swept area and b) cyclical variat~ons in the aerodynamic loads 
at integer niultiples of the blade rotational frequency. The second 
aspect concerns rotor inertia. This will reduce the enel'"gy output 
because the rotOr is unable to follOw fast coherent fluctuations in the 
wind velocity. 
In section 5.2 a model is develope~ for predicting the periodic 
load s and the amount of energy which is available to the rotor. The 
effects of control mode (constant tip speed ratio or constant rotational 
speed) on the amount of energy Which can be extracted is discussed in 
section 5.3. Experimental data' lderiVed from measurements made on two 
: 1 
horizontal .... axis wind turbines is:' presented in section 5.4. The results 
are expressed in terms of spectra ~ich are compared with the 
theoretical model developed in sections 5.2 and 5.3. Experimental 
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measurements made elsewhere are discussed in section 5.5. 
5.2 Turbulence 
a) Ener gy contained in the turbulent com ponent 
The power incident upon a wind turbine at a given instant is 
where'p is the density of air. A the swept area and V the wind speed. 
In a turbulent environment V is not constant but can be considered to be 
composed of a mean value V (average over a period T) and a fluctuating 
component v. The energy flux in that period is therefore proportional 
to: 
v' = if T(V T d dl; 0. V'( 1+3 V) = \.1(1 ~3 ',),2) 
o 
assuming a symmetrical probability' distribution of velocity 
fluctuations. V' 
a. 
is the turbulence intensi ty and 3.,.{ - is the amount of 
energy contained in the turbulent component as a fraction of the energy 
in the mean wind speed and will hereafter be refe'rred to as the 
3 
turbulent energy iritensi ty. The difference betWeen VS and V , i.e. the 
difference between the true average energy flux and the energy flux 
estimated from the average wind speed. depend s on the averaging period 
T. For averaging times between and 60 minutes the turbulence 
intensi ty may be of the order of 20% for a typical site, 
Frost et a1. (1977). This corresponds to a tu-rbulent energy intensity 
of' 12~. Thus if we neglect the turbulent component and base our 
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calculations solely on the mean hourly wind speed we shall underestimate 
the total energy available by approximately 12~. Having dete~mified how 
much energy there is associated with the turbulent component it is now 
necessary to consider what fraction (extraction factor) of the turbulent 
component is available to the rotor. 
b) Turbulent loads 
In general, turbulence is made up of three velocity components: 
lateral. vertical and longitudinal. For a high tip speed ratio rotor 
()..»1) it can be shown (Jensen and Frandsen 1978) that both the lateral 
and vertical components can be neglected wfth respect to the influence 
of the longitudinal component on the loads. 
According to blade-element theory (Chapter 2) the radial torc:tue 
distribution can be expressed as 
dO (s·t) 
-dr 
where x(=r/R) is the non-dimensional radius and ~ (=!tR/V) the tip speed 
ratio. For small fluctuations about steady-state values of the V and 
11:.. and assuming that the rotational speed remains constant (dynamic 
response is considered in section 5. 3). we have 
_ 3 -1-
±.p 11 R V .4Jl (X),.) V 
dx V 
(S-2) 
where (6-3) 
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and A. is the steady-state tip speed ratio corresponding to V and it . 
o 
The fUnction dD(x. A.) /dx is shown in Figure 5. 1 for an optimised blade 
I) 
(Chapter 4) designed to operate at a constant tip speed ratio of ten. 
The results indicate that the fluctuating contribution to the shaft 
torque from a blade-element can be considered to be a linear function of 
the non-dimensional radius (hereafter referred to as the blade loading 
distribution) . 
At a time t. the torque variation due to a turbulent velocity 
fluctuation v( x. t) incident on a two-bladed rotor can be calculated from 
The mean square (variance) of the torque is therefore 
I 1 
LlQ(~)t • ~'lI v(x,tl V (x',t.l p.(x .ft.,) f(X; A.l dxdx' 
where 
and 
The overbar denotes a time average. Assuming that I a) the correlation 
of the velocity fluctuations incident on the rotor at two different 
Figure 5. 1 The blade load ing distribution dD( x t ;;l) /dx as a function of 
o 
the stead y-state tip speed ra tio (1\.0) and the non-dimensional 
rad ius (x) for an optimised blade designed to operate at a constant tip 
speed ratio of ten. 
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locations is the same as if the blade were stationary. b) independent of 
angular position (i.e. homogeneous), and c) turbulence is a stationary 
process. the power' spectrwn of the torque fluctuations may be expressed 
as 
(5'''') 
where Svv,(n,x,x l ) is the cross-spectral density function of the velocity 
fluctuations v and Vi at points x and Xl respectively. In the next 
section the cross-spectral density function of velocity fluctuations at 
two points on a rotating blade is derived. 
c) Turbulence as seen from po ints on a blade 
Through a simple arguement Rosenbrock (1955) was able to Show that 
blade rotation will cause the velocity spectrum as seen by a rotating 
blade to be modified. Consider a gust which has lateral aM vertical 
dimensions smaller than that of the blade radius. Then during its 
passage through the rotor t the blade will cut through the gust several 
times depending on the rotational velocity of the blade. mean wind 
velocity and the longitudinal dimensions of the gust. This Will cauSe 
the spectrum to be distinctl y peaked at integer multiples of the blade 
rotational frequency. 
FOlloWing the original anal ysis of Rosenbrock it is necessary to 
make a number of Simplifying assumptions before the modified spectrtID 
can be derived. The first is that the turbulence is isotropic, i.e. all 
statistical properties are independent on the orientation of the 
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reference frame axis system. The second is that Taylor's hypothesiS of 
frozen turbulence is applicable; that is turbulence is convected with 
the mean velo~i ty of the fluid and that the turbulence Usel f changes 
slowly in a frame of reference moving with the fluid. The third 
assumption is that the rotor does not disturb the flow. This is 
obviously not true, as not only will the rotor retard the flow it will 
al SO distort the turbulent eddies. compressing them ax ially and 
expanding them radially. However, as Rosenbrock concluded, whether such 
simplifying assumptions are valid can only be assessed on the basis of 
experimental measurements made on a large wind turbine. At present no 
such meaSurements are available. 
For homogeneous turbulence the correlation tensor of velocity 
components (v IV ,v,) 
, 2 .. and at points 
P' (r' Ir' ,r!') respectively, separated by the space vector ~ is 
, 1 
R .. ( ~) : 
I.J - v· v~ ~ J ~ , j = I, 2,3 
and 
Batchelor (1953) has shown for isotropic turbulence that Ri,j (i) can be 
expressed in terms of two fundamental ' correlations, f( ~) and g( t ). 
viz. 
where 0 .. 
"J 
Ri,j (~J :: [f(~) - S(~)] ;~ ~j 
2 
Civ 
t,%. 
2-
is the Kronecker delta, and 0"" v 
(5·5) 
the mean square velocity 
fluctuation. f(~) is the correlation between components measured along 
the line pp I. where P and P I are points (separated by ~ ) at which the 
veloci ties are measured and g( ~) is the correlation between components 
at right angles to PP I. Furthermore . the equation of continuity for a 
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incompressible fluid imposes the cond i tion 
(s -,,) 
For long Hud ina1 f1 uctuations i= j= 1 and ther efore from equations (5. 5) 
and (5.6) we obtain 
(s- 1) 
where f,1 is the distance between P and pI measured parallel to the 
direction of the mean flow. For a rotating observer at a radial station 
r the points P and P' are on a helical path described by the relative 
motion of the blade passing through the turbulence (Figure 5.2). Hence 
1 l 2 1 
f. a ~ + ~ ~~ _ 
'"' I 2 a 
.(171;.)1 t ( 2 r Sin ~I; r 
where n is the angular velocity of the blade. From Bendat and 
Piersol (1971) the power spectrum of the velocity fluctuations is given 
by 
~ 00 
5vv (n,r) • 4-J RII (f,) COO 2 'If n edt 
o 
where the superscript (R) denotes the spectrum is for a rotating blade. 
Before the spectrum can be determined, a sui table form of the 
correlation function f( E,) must be found. Rosenbrock analytically 
evaluated this expression for the particular case of the longitudinal 
Figure 5.2 The trajectory described by a rotating observer with respect 
to a fixed point moving with velocity V. 
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. correlation function represented by 
where L, is a constant. However. as discussed by Hassan (1980). this 
fonn of the correlation function is not representatl ve of atmospheric 
turbulence. An accurate representation of the correlation function may 
be found if the spectrum of velocity fluctuations is known. From Bendat 
and Piersol (1971) the correlation function is related to the spectrum 
through its Fourier transform 
~ 
NCo-Vo) ~ --t-f S • .Jn) COS 21rntdn 
0: 0 
'the turbulence spectrum recommended (Frost 1980) for use in wind energy 
conversion system development is 
" o·164-(f/f) 
l + O· \ b 4- ( f f r ) Sf,! 
2. 
where n is the frequency. (j" is the variance of V in the bandwidth 
" 0.005<n<10 Hz. f(=nh/V) is the reduced fr-equericy and f is a constant 
which is site and height (h) dependent. This equation for the turbulent 
spectrum was proposed by Kaimal (1973). ..... A val ue of 0.0144 for f has 
been determined by Frost for heights less than 50 metres. A numerical 
estimate of the correlation function was therefore obtained from 
performing a fast Fourier Transform (ITT) on the Kaimal spectrum 
(equation 5.10). The numerical estimate was then used to determine the 
correlation function RII (5..) (equation 5.7) which in turn allowed the 
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velocity spectrum as seen by the rotating blade to be determined from 
equation (5.8) . Integration of equation (5.8) was performed numerically 
using a FFT. 
The results of this analysis are shown in Figures 5.3 to 5.8 for 
three blades of radii (R) 3,10 and 30m operating at tip speed ratio of 5 
and 10. The spectra are shown plotted against the reduced frequency 
n •• (=n/fo ' where fo is the blade rotational frequency). It has been 
assumed that h=2R. V=10 mI sand 
~ f=0.0144 in the derivation of the 
numerical estimate of the correlation function. It can be observed that 
the spectrum of velocity fluctuations, as seen by the rotating blade, is 
severely modified causing distinct peaks to appear at integer multiples 
of the biade rotational frequency and in general a redistribution of the 
energy towards higher frequencies. The results suggest that increasing 
the tip speed ratio, for a turbine of a given radius t causes the power 
spectrum to . be more closely concentrated around integral values of the 
rotational frequency. Reducing the rad ius for a given tip speed ratio 
reduces the amount of energy in the peaks. but causes them to be more 
distinct. 
Blades of small Wind turbines, less than 3 metres in rad ius, 
should not experience any appreciable periodic forces due to turbulence. 
Larger blades however will be subject to large period ic forces, further 
investigation of this is found in Chapter 6 " 
It is now a simple procedure to ex tend the previous analysis to 
incl ude the whole rotor. The cross-spectral density function between 
points x and x', which may not be on the same blade is given by 
Figure 5.3 Power spectral density function of the longitudinal velocity 
fl uctuations as seen by a rotating blade-element as function of the 
blade rad ius and the reduced frequency (n .. = -n/f-~) • 
... 0 A. =5 t \1=10 miSt 
R=3m. 
Figure 5.4 Power spectral density function of the longitudinal velocity 
·fluctuations as seen by a rotating blade-element as function of the 
blade radius and the reduced frequency Cn .. = 'n/fo). A =10, V=10 mis, 
R=3m. 
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Figure 5.5 Power spectral density function of the longitudinal velocity 
f1 uctuations as seen by a rotating blade-element as function of the 
blade radius and the reduced frequency (n.",=n/fo ). A =5. V'=10 mis, 
R=10m . 
Figure 5.6 Power spectral density function of the longitudinal velocity 
fluctuations as seen by a rotating blade-element as function of the 
blade radius and the reduced frequency (n .. = n/fD). A =10, V=10 mis, 
R=10m. 
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Figure 5.8 Power spectral density function of the longitudinal velocity 
flUctuations as seen by a rotating blade-element as function of the 
blade radius arid the reduced frequency (nltil:= n./f
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OW) 
.. 4- J R (;) cos 2 Tr n t, d t 
II 
o 
(5-11) 
where 
and e, is the angular separation in the plane of the rotor of the 
points x and x' at time t=O. It follows that the power spectral density 
function of the torque fluctuations is now given by 
(s.' \2) 
For computational purposes the integral can be replaced by a summation 
over N radial elements. Defining the average spectrum of the velocity 
fluctuations as 
(5-\3) 
where i ,j denote rad ial elements we obtain for the spectrum of the 
torque fluctuations 
(s-t~) 
Equation (5.13) has been evaluated for both a linear (}-L- (x,\):x) and a 
uniform CtJ' Cr, \):constant) loading distribution for a wide range of 
operating conditions and rotor diameters . It was fo und that there was 
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very little difference between the two distributions. Shown in 
Figure 5.9 is the average spectrum (equation 5.13) for a two-bladed, 
rotor oper ati ng at a ti p speed ratio of ten in wind speed of 10 mI s wi th 
a uniform blade loading distribution; ten radial elements were used on 
each blade (N:20) . For a two bladed-rotor peaks now only occur at 
integer multiples of twice the blade rotational frequency. Al so shown 
for comparison is the velocity spectrum as seen by a stationary observer 
(i.e. at the hub). An extraction factor can be defined as 
(SolS) 
which is the total amount of energy contained in the turbulent component 
available to the rotor. It can be shown that this expression is purely 
..a function of the lateral cOrrelation fUnction g(;) and is independent 
of the rotational velocity of the rotor . The extraction fact.or for 
Table 5.1 Variation of extraction factor (EF) With diameter for two-
bladed rotor in a wind speed of 10 mI s. 
Diameter (m) 6 20 60 
EF 0.84 0.67 0.48 
three rotors of diameters 6.20 and 60 metres in a mean wind speed of 
10 ml s is shown in Table 5 . 1. For a large wind turbine incoherent 
velocity fluctuations across the rotor are seen to reduce significantly 
Figure 5.9 The av er age power spectral density function of the 
longitudinal velocity fluctuations for a two-bladed rotor as a function 
of the reduced frequency (n,.x = rt Ifo' . Also shown is the power spectral 
densi ty function of the long itudinal velocity fluctuations as seen by 
stationary obsei'"ver at the hub. A :10, V=10 mis, R=30m. 
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the available energy . 
5.3 Dynamic response 
In the previous section the amount of energy available to the 
rotor' has been determin'ed. In this section the effects of the rotor 
inertia on the amount of energy which can be extracted is considered for 
two modeS of operation: a) constant tip speed ratio and b) constant 
rotational speed. To simplify the analysis onl y fixed pitch machines 
·are considered and it 1s assumed that each part of the rotor is equally 
responsive (uniform blade loading distribution) in ter'ms of producing a 
change in the aerodynamic torque for a given change in wind speed. 
a) Constant tip speed ratio (CTSR) 
The turbine is constrained to operate at a CTSR (usually the tip 
speed ratio corresponding to the inaxilDtID efficiency) by adjusting the 
load such that the rotational speed of the turbine varies in direct 
proportion to the wind speed. Power must therefore be extracted 
proportionally to the wind speed cubed. This is usually attained by 
adjusting the load according to a predetermined relationship between 
power output and rotational speed. 
It is not possible to maintain a constant tip speed ratio because 
of turbulence. This is due to rotor inertia. While operating at tip 
speed ratio other than the optimum its efficiency will be reduced and 
this will ultimately reduce the amount of energy the turbine can 
extract. Assuming that the drive train is infinitely stiff t then the 
differential equation describing the relationship between the rotational 
speed and the torque is 
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In = Q CO, V)- Q
L 
CD) (5'1~) 
where Q(.o., V) is the aerodynamic torque and Q L the torque demanded by 
the load where 
and 
A is the steady-state tip speed ratio and I the combined manent of o 
inertia of all the rotating parts. These equations are non-linear, 
therefore only small pertubations V and W about steady-state points 
V and 11 are considered. Using these approximations 
equation (5.16) can be written as 
l~'I1) 
Where 
By taking the Fourier transform of both sides of equation (5.17) the 
following result is obtained 
wher e 
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(5"°20) 
SQlID (n) is the power spectral density function of the angular velocity 
fluctuations I I H(nf' is the square of the gain function and 'T is the 
time constant. The steady-state relationship between the output power 
and the rotational speed is 
where (a) is a constant of pro~rtionality. For , fluctuations p andc:" 
about steady-state points P and fi 
and hence from its Fourier transform we obtain 
(Sol\) 
where SfP (n) is the power spectral density fUnction of the power output 
fluctuations. Substituting equation (5.18) into equation (5.21) and 
replacing the power spectrum of the velocity fluctuations with the 
average spectrum (equation 5.13) yields 
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where 
= S~ (n) 
.. vy 
(S-23) 
is the spatial filter function. The complete system transfer function 
is 
(5·21t-) 
This function relates the output power spectral density function Spp (n) 
to the input power spectral density function Svv (n) of the wind velocity 
fluctuations. The transfer function has been normalised with respect to 
the stead y-state power output and wind speed. 
b) Constant rotational speed (CRPM) 
The turbine 1s maintained at a CRPM by inherent matching of tne 
aerodynamic torque-speed curve of the turbine to that of the network 
connected generator. The turbine and generator torque speed curves 
intersect in a manner which produces a speed stabiliSing torque when 
disturbed by fluctuations in the wind speed. Operation in this mode 
means that the tip speed ratio decreases With increasing wind speed. 
Bossayni ~ al. (1981) have investigated the effects of uniform 
wind velOCity fluctuations on the performance of such a turbine. By 
nUmerically Simulating the dynamics of the rotor and associated control 
system they were able to determine its frequency response. They 
presented their results in the form of a gain function, defined as t the 
amplitude of the generator power output fluctuations relative to tha t 
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which would have occured if the turbine had followed and responded to 
the wind nuctuations'. For a turbine (60 metres in diameter. peak 
output 3.7MW) they determined its time constant (time taken to achieve 
63.2% of its steady-state output) to be 0.5 seconds in a mean wind speed 
of approximately 17 mls. From the data presented in their paper it 1s 
apparent that the gain function can be approximated by equation (5.19). 
The complete system transfer function is therefore similar to 
equation (5.24). i . e. 
x (n) :: Spp (n) 
Svv (n) 
where k is the slope of the steady-state power versus wind speed 
characteristics. 
For Doth modes of operation the overall extraction factor is now 
e.cI 
EF:J X (n) Svv (n) dn 
. J" S., (n) dn 
This definition of the extraction factor is only strictly Valid fOr one 
wind speed as the time constant for both modes of operation and the 
spatial filter function are dependent on the tip speed ratio and wind, 
speed . However. it is felt that the results of using this particular 
d'efinition will give a useful insight into the effects of control mode 
on the amount of energy which can be extracted from the turbulent 
componeht. Before equation (5.26) can be evaluated for different sized 
machines it is necessary that a relationship between the rotor diameter 
and the time constant, 't' , is determined. From equation (5.20) it is 
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apparent (fat" turbine operating at a CTSR) that the time constant is 
proportional to the diameter if the same form of construction is used. 
i.e. the inertia is proportional to RS'. From the theoretical estimate 
of the performance (Chapter 8) and the measured inertia (Chapter 9) of 
the 6 metre diameter turbine a time constant of 0.95s was derived for 
this turbine operating in a mean wind speed of 10 mls at a tip speed 
ratio of approximately ten. Assuming that the same form of construction 
can be scaled then the time constants for a 20 and 60 metre diameter 
r turb ine ar e 3. 16s and 9. 5s respec ti vel y . For a turb in e oper ating at a 
CRAM it is assumed that the time constant obeys a similar relationship 
to that of a turbine operating at a CTSR. i.e. proportional to the 
diameter and inversely proportional to the wind speed. Therefore from 
using the result given by Bossanyi et n. (1981) of 0.55 for a 60 metre 
diameter turbine operating in a mean wind speed of 17 mls we can derive 
the corresponding time constants for' 6, 20 and 60 metre diameter 
turbines operating in a mean wind speed of 10 mls to be 0.085s. 0.28s 
and O. 85s respecti vel y. It is al so assumed that for the purposes of 
calculating fen) that a wind speed of 10 mls corresponds to a tip speed 
ratio of ten. 
The extraction factor (equation 5.26) for both modes of operation 
and for the three rotors are presented in Table 5.2. It is apparent 
from these results that a turbine operating at a CRPM is able to extract 
considerably more of the turbulent component than a turbine operating at 
a CTSR. However this result is unlikely to be fully realised in 
practice as the aerodynamiC efficiency of a turbine operating at a 
constant rotational speed is a function of the wind speed (Chapter 4). 
This means that it will only attain the saIDe efficiency as a turbine 
operating at a constant tip speed ratio at one wind speed and for all 
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Variation of extraction factor (EF) with diameter and control 
mode for a two-bladed rotor in a wind speed of 10 m/ s. The 
rotor time constant (seconds) is shown in brackets. 
Diameter (m) CTSR CRPM 
6 0.65 (0.95) 0.82 (0.085) 
20 0.37 <3. 16) 0.62 (0.28) 
60 0.14 (9.5) 0.35 (0.85) 
others it will be less. 
5.4. Experimental results 
In this section the transfer function of two horizontal-axis wind 
turbines is determined and compared with the previous theoretical 
analysiS. The two wind turbines used for the experimental measurements 
were 3 and 6 metres in diameter and were controlled to operate a 
constant tip speed ratio of ten. This corresponded to their maximum 
efficiency. In order to experimentally and theoretically determine 
XCn) it was necessary to obtain spectral data of the power output and 
wind speed. Detail s of the instrumentation and machine specifications 
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are incl ud eel in Chapter s 7 and 8. 
a) Data preparation 
As noted by Kaimal ~ al. (1968) the effects of long term trend s 
in the data can be significant. A linear trend, for example, yields a 
power spectrum proportional to 
.z. - S/3 
n which is very close to n the 
theoretical relationship (equ.ation 5.10). A linear trend may be in 
fact, due to the finite data length t be part of a frequency component 
whOSe period is longer than the record. 
The most popular method (Cramer e~t al. 1962) for the removal of 
trends i3 high pass filtering by the continuous removal of a running 
mean; this procedure has been adopted in the analysis. Since the 
transfer function of this type of filter is known, the spectrum can be 
compensated. This method eliminates a linear trend completely and 
depending on the averaging period. reduces the effect of most other 
types Of trends. For a running mean of time interval "'t" • the power 
spectral transfer function is 
Kaimal et al. (1968) suggested that the optimum value for the averaging 
is the decorrelation time of data 
(approximately 90s for the data used in this study). The data. prior to 
sampling. was low pass filtered to reduce the potential problem of 
aliasing. 
The power spectral density functions were computed by the 
'Blackman-Tukey (1958)' method . This method is based on computing the 
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power spectrum via the Fourier transform of the autocorrelation 
function. The normal method of Fast Fourier Transforming the original 
data suffers from the precautions which ate needed to reduce 'leakage 
effects I caused by the finite length of data. These effects are usually 
reduced by tapering the ends of the data Or if the spectrum is bandwidth 
noise limited. smoothing in the frequency domain. By forming the 
autocorrelation function first; the effects of 'leakage' are minimised 
(if the decorrelation time is significantly shorter than the data 
length) and errors can be removed without effecting the result. This 
usually (Bendat and Piersol 1971) results in an improved estimate of the 
spectral density function. 
A discussion of the errors in the measuring equipment can be found 
in Chapter 7. Assuming that the error in measuring the power and wind 
speed is wideband and random t an overestimation of the power spectra by 
an amount corresponding to the mean square error will occur. 
Subtracting the mean square error from the power spectra will therefore 
lead to a noiseless estimate. However. because of the assumptions made 
above, the error associated with the spectra (due to noisy data) will be 
as large as the mean square error on the original data. 
b) Power s pectral densit y functions 
The data was prepared, as diSCUSsed above. and the power spectra 
of the wind velocity (at four locations around each turbine) and the 
power Were formed. Corrections to the Wind velocity spectrum t to take 
into account the anemometers' response time. were made from data 
published in the manufacturers specification. In each case the run 
length used for the analysis was approximately one hour, which gave 
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about 250 degrees of freedom in the estimates. The resu1 ts obtained for 
a typical run are shown in Figure 5.10. The effect of noisy data on the 
power spectra of wind velocity fluctuations is not significant as it was 
less than the error asSociated with the number of degrees of freedom. 
However f the reduced energy content at higher freqencies associated with 
the power spectra of the power fluctuations. meant that the error due to 
noisy data became a significant fraction of the spectrum. 
Comparing the 
wi thin experimental 
spectra of the four anemometers indicated 
error the spectra were consistent. 
that 
This 
demonstrated that the response of each anemometer was approximately the 
same. and that there were no local topographical effects. Thus the 
spectra were combined to fonn an average spectrum. 
d) Turbine transfer function 
Using the sI?ectra determined in the previous section t for the 
power and wind velocity fluctuations, the transfer function 
( equa tion 5.24) was eval ua ted . The resul ts for four run s (two for each 
turbine) are shown in Figures 5.11 to 5.14. Also included for 
comparison are the results obtained from the previous theoretical 
anal ysis. The correlation function f( e, ) t which was required for the 
derivation of the spatial filter function F( n), was determined from the 
autocorrelation function of the wind velocity fluctuations. The time 
constant for both turbines was determined from the mean wind speed t 
measured moments inertia and the experimentally derived performance 
characteristics (Chapter 9). 
For all four runs close agreement is seen to exist between the 
experimental results and the general trend predicted by the theoretical 
Figure 5.10 Experimental results for the power spectral density 
functions of the wind velocity (at four locations) and electrical power 
output of the turbine . 
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Figure 5.11 Transfer function. Comparison of' experiment and tneory for 
a two-bladed, 3-metre diameter rotor. V=5.5 mis, )... =10.5. 
Figure 5.12 Transfer function. Comparison of experiment and theory for 
a two-bladed, 3-metre diam.eter rotOr. V=5.8 mis, 1 =9.5. 
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model. At certain frequencies large departures from the predicted 
transfer function are evident. They are thought to be due to a number 
of factors, a) hon-stationarity. b) variations in the rotOr time 
constant with wind speed and c) the linearised approximation of the 
stead y-state power versus wind speed characteristics. The data 
indicates that for frequencies below 0.02 Hz. both turbines responded to 
all the fluctuations in the wind velocity, but for fluctuations above 
0.02 Hz their output was rapidly attenuated at approximately 
18 dB/decade for the six metre diameter turbin.e and 16 dB/decade for the 
three metre diameter turbine. Due to constraints imposed by the data 
record ing system and the anemaueters' response time the highest 
frequency which could be measured was 0.2 Hz. This prevented spectral 
analysis at frequencies centred around twice the blade rotational 
frequency (approximately 5 and 10 Hz for the 6 and 3 metre diameter 
turbines respectively). This would have provided a critical test as to 
the accuracy of the spatial fll ter function. 
5.5 Comparison with measurements made elseWhere 
Spectral infOl"mation has been presented by several authOrs (e.g. 
del' Kinderen et al. 1977; Kirchoff et 5tl. 1978 and Lamming et al. 1980 
and Hansen et gl. 1980) from measurements made on a number of small wind 
turbines. The results presented by these authors are in general 
ag~eement with the preceding analysis. However none of them present 
spectral information at frequencies which are high enough to allow any 
firm conclusions to made regarding the spatial fil ter function. 
Verholek (1978) has presented r'esul ts on the turbulent structure 
in the wind flow passing through a simulated large horizontal-axis wind 
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turbine. The wind flow incident on the hypothetical blade was simulated 
by sequentially sampling an eight element circular array of anemometers. 
The array was 2!i.2 metres in diameter and was centred the same distance 
above the ground. Spectral information was presented on. a) the 
longitudinal velocity component as seen by a rotating blade and b) the 
average longitudinal velocity component as seen by a tWO-bladed rotor. 
For the single blade. peaks in the spectra were observed at integer 
mul tiples of the blade rotational frequency (1. 25 Hz) and for the 
two-bladed rotor at integer multiples of twice the rotational frequency. 
Verholek cOncluded that in both cases the peaks were due to the rotation 
of the blade through the vertical shear in the wind field. He also 
concluded that the mean velocity measured at the centre of the array was 
representat1 ve of the mean of the array average. From this second 
conclusion We can infer that the variation of the mean velocity with 
height was very close to a linear function. Under these circumstances 
wind shear Will only produce a single peak in the spectra at blade 
rotational frequency for a single blade. For a two-bladed rotor the 
averaged velocity components are zero and therefore will not contribute. 
However the results are consistent with those pred icted from this 
analysis. i.e. due to a blade rotating through a turbulent velocity 
field. A detailed compariSon with the results of Verholek is not 
possible as the results were presented itl graphical form with 
logari thmic scales and also data was not presented regarding the mean 
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velocity at each point 1n the array. 
5.6 Conclusions 
A model has been developed to investigate the interaction of 
turbulence with a horizonatal-ax is wind turbine. Theoretical results 
have been presented which have shown that a significant reduction in the 
available energy Will occur due to incoherent velocity tluctuations 
across the rotor swept area. When the effects of rotor inertia are 
included it has been shown that only a small fraction of the turbulent 
component can be extracted by a large wind turbine operating at a 
constant tip speed ratio. 
Due to the blade rotating through a turbulent velocity field 
periodic load ing of the blade will occur at integer multiples of the 
blade rotational frequency. These flUctuating load s will be transferred 
to the supporting structure at a frequency and with a magnitude 
dependent on the number of blades. tip speed ratio and turbulent 
velocity spectrum. 
Experimental results have been presented from measurements made on 
two wind turbines. Over the range for which spectral data was available 
close agreement was found to ex ist between the theoretical model and the 
experimental data. 
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Chapter 6 
A comparison of hinged, teetered and hingeless rotors 
6.1 Introduction 
In previous chapters the Wind turbine blade has been assumed to be 
rigid and this has allowed a number of problems to be solved. In 
reality the blade is likely to .be quite flexible and it is important to 
know whether its motion significantly affects. a) the blade loading and 
b) the loads transferred to the supporting structure. This is 
important t not only to ensure the structural integrity of the wind 
turbine. but also to assess the costs involved so that the most economic 
design for any particular sized machine may be selected. 
In the case of a two-bladed wind turbine operating in ideal 
conditions (i.e. uniform incident wind velocity field. zero yaw and yaw 
rate and no gravity), the loads will be steady. The introduction of wind 
shear, 01'" a finite angle of yaw, will cause the blade to experience a 
periodic force at a frequency of 1/rev as it rotates, resulting in a 
ya~ng and pitching manent at a frequency of 2/rev. The tower shadow 
also introduces a periodic force, but due to its impulsive effect it 
will contain higher harmonics. Both yawing and gravity lOad 5 will 
introduce periodic forces at 1/rev and hence pitching and yawing 
moments at 2/rev. As shown in Chapter 5 turbulence wi'll cause period ic 
forces at integer multiples of blade rotational frequency in addition to 
a random forcing. 
The literature on the structural dynamicS of a horizontal axis 
wind turbine is relatively new. An excellent review on the effects of 
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size, number of blades, hub configuration and type of control system has 
been made by Ormiston (1973). In a later paper Ormiston (1975) used 
simple analytical techiques to determine the flapping response. 
Rosenbrock (1955), using similar techniques. examined the effects of 
coning and drag hinges on the stability of two and three bladed rotors. 
The application of analytical techniques is limited to relatively simple 
distribution of both the blade aerodynamic loading and the incident 
velocity field. In recent years digital computers have been used by 
several authors (e .g. Friedmann 1980, Spera 1975, Spera 1977. Kaza et 
a1. 1980) to investigate both an isolated blade, as well as the coupled 
rotor/tower system in considerable detail. The complexity of these 
computer codes means that they do not lend themselves to detailed 
parametric analysis nor to a comparison between various types of rotor 
configuration. Nei ther do these codes allow for both temporal and 
spatial variations in the incident velocity field due to turbulence. 
In this chapter a simple numerical solution of the dynamics of a 
two-bladed rotor is developed enabling the loads within the rotor blade 
to be determined and also thOSe which are transferred to the supporting 
structure. 
Three rotor configurations are examined in detail; hingeless. 
hinged and teetered. For each case the blade is treated as being rigid 
and only the first out-of-plane bending mode is considered. To simplify 
the analysis the rotational speed is kept constant and the tower is 
aSSUmed to be infinitely stiff in both bending and torsion. 
The analysiS considers the problems of wind shear. tower 
shadowing, turbulence, yaw, yawing and gravity loading. 
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For the hinged and teetered rotor configurations the stability of 
the blade is examined as a function of its density, off-design tip speed 
ratio and collective pitch angle. 
In the first section the critical loads are identified and in 
subSequent sections the equation of motion and the inertial and 
aerodynamic loadings quantified. Finally a numerical solution is 
developed enabling a comparison of the three rotor config'urations to be 
undertaken. 
Experimental results from a 3 meter diameter turbine are also 
presented. 
6.2 Critical loads 
For this study the critical loads will be calculated at the 
following three locations (Figure 6.1); at the blade root. 50~ of the 
blade radius and on the yaw axis. The blade root bending loads are 
critical because, depending on the root attachment, they will represent 
an area of high stresses and. due to the large dynamiC loading. a 
fatigue prOblem. For a hingeless blade (cantilever root restraint) 
these loads will also be applied to the rest of the structure. As shown 
in Appendix A for the three metre diameter turbine (designed optimum tip 
speed ratio of 10) used in the experimental study the maximum bending 
stresses occur at O.5R. It is therefore important that this point of 
the blade is investigated. The loads applied to the tower. through the 
yaw axis, Will consist of a yawing and pitching moment and the axial 
force due to rotor thrust. All will have steady and dynamic components. 
The pitching moment and axial force may couple with a tower natUral 
frequency in bending whereas depending on the stiffness of the yaw drive 
Figure 6.1 Location of the critical loads. 
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the yaw moment may cause torsional oscillations. In the case of a free 
yaw turbine it is important to consider the dynamic stability of the 
rotor. For turbines Where the rotor is driven to follow the wind the 
yaw moments will determine the size of the yaw drive motor. 
~3 Single blade equation of motion 
In this section the general equation of motion of a rigid blade 
restrained to move about an offset hinge is derived. The blade is 
assumed to be rotating at a constant angular frequency, n about the 
axis and yawing at a constant rate, about the X~ 
axis completes the set. as shown in Figure 6.2. The 
axiS. the Y3 
x , Y .z, 
I l 
axes 
system is fixed in the blade. its origin' at the hinge. ~ith the X axis 
along the blade span, the 1, axis perpendicular to the span and parallel 
to the plane of rotation (X,,-1
3
), and Z, completing the right hand set, 
as shown in Figure 6.3; the blade is shown at a flapping angle ~ • The 
X~, 12 ,Zz axes system is fixed in the blade. but its origin is at the hub 
and the X2 axis has been rotated through <-13) into the plane of 
rotation. The angle Y is the angle of the incident wind. Y =0 being 
along the Z3 ax is. The angle e is the blade azimuth angle j e =0 is 
vertically upwards. 
Consider an elemental niass. dm situated at a distance r from the 
hinge t which in turn is a distance eR from the hub. then the angular 
velocity components of the elemental mass are in the (X I .1 1 t Z\) axis 
system 
Figure 6.2 Tower axes system. 
Figure 6.3 Blade axes system. 
tower 
i/ . -
wind dlrecttOn 
\4---------~----------~------------_.~ 
z, centrifugal and 
a:::-------4 gravity f orce 
Kp 
------~----~~------~------~~r_--~ X~ 
? 
inert ial f or ce 
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• • 
'( Si¥\ 9 - ~ (b'2) 
CVz, :: - i CO~ e Sit\ ~ + n CoS ~ ("'3) 
• 1 Neglecting terms in ~ which are usual! y small compared with 
/""\2 
~ L and using small angle approximations for We obtain from 
Eulers's equations 
where 
1 
E" M eX R 
8 c~ G=9-M x · R 8 ... ~S .... X ':: r c:g eg 
R 
MQ,~, is the aerodynamic moment about the hinge. Me the blade mass. res 
centre of gravity with respect to the hinge, I, the blade inertia about 
the hinge and KJ! is a torsional spring representing the blade 
stiffness . Substituting: 
~ =.el2 d1 ~ 
de 2 
we obtain 
Ch.6 109 
Equation (6.5) will be applied to hinged, hingeless and teetered rotors. 
but first the inertial, aerodynamic and gravity loads acting on a 
blade-element will be derived. 
6. 4 The load s 
6.4 . 1 Inertial 
Let the distance of an elemental mass, dm Measured from the hinge 
be r f then in terms of the the hub axes (Xl,'Y2'Z2.) its position vector 
1s 
The absolute acceleration of the elemental mass in the inertial frame 
• ~ s t T A x (A X ~) t 2A x t t A x !J (to -1) 
where A is the angular velocity of the coordinate system. From 
equations (6.1),(6.2) and (6.3) withjS =0 we obtain 
A = Lz. ¥ cos e - j i sIn e + ~ 2 n 
- - ~ -
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Substituting equations (6.6) and (6.8) into equation (6.7), and 
.1 (\l 
neglecting terms in 0 which are small compared with ~ L t yields after 
some manipulation 
Q1 = ~1 [r1 d' cos ~ - 2 r2 ¥ Sin e d .sin ~ -.0\ r1 cos ~ + e R) J t 
- ~2 dt 
j 1 ( 2 ~ .0. ~ COS ~ - 2 r2 i' cos e i. si n ~) t 
dt dt 
\(r1 d
1 
Sin ~ ... 2rl f sin e ~ cos ~ + 2 .0. r(r1 cos~+eR) cos 6)] \ <W dt / 
and according to D'Alembert's principle the inertial force 1s 
d F :: - a dm 
_" J 
!t should be noted that small angle apptox imations for the flapping 
angle ~ have not been made. This is because large errors could be 
introduced when resolving the integrated forces and moments from both 
blades due to terms including .fll which are large for high tip speed 
ratio rotor:s. 
6.4.2 Gravity 
The gravity force distribution from Figure 6.3 in the (Xl.' Y"Z2) 
axes system is 
i 
-c 
! 
~ 
! 
: 
d , 
E 
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where g is the acceleration due to gravity. 
6.4.3 Aerodynamic 
The aerodynamic forces will be determined from steady-state 
blade-element theory (Chapter 2). The extended form of this theory 
(Appendix C) which allows fOr angular variations in the induced and 
free-stream velocity fields will not be used because of its increased 
computation time . Therefore the induced velocities will have rotational 
symmetr y (about Zl) and be time invariant. Their initial radial 
distribution will be determined for a rotor operating under ideal 
cond i tiona ( section 6. 1 ) • The fl uc tua t ing forces will therefore be 
determined by perturbing the effective angle of attack and resultant air 
velocity, at each radial element of the blade .. due to a change in 
direction or magnitude of the incident velocity field and the blade 
flapping motion. 
From Appendix C we can derive the axial and rotational velocity 
components Seen by the blade in the (X.,Y 1 ,ZI) axis system due to the 
blade flapping t yawing and a fluctuation CV in the incident wind 
veloci ty ( Vat) as 
arid 
~:: (~teV)(Sin ¥Sin B sin ~t Cos r cos~) - v COS ~- r fo 
I 
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where v and ware the ax ial and rotational ind uced velocities 1n the 
(Xl.; Y1 ,Zz.) axis system due to the trailing vOrticeS. The elemental 
aerodynamic force acting on the blade is 
were 
C ::I C Sin ~ .... Co. cos ¢ ~I L 'f .. 
c "C Cos '" + Co. Sin ¢ 2, L 't' .. 
and 
The lift and drag coefficients wil1 be derived from two-dimensional. 
incompressible. steady ... state aerofoi! data. Stal1 effects will also be 
included. 
In the following sections the non-uniformity in the incident wind 
velocity due to wind shear; turbulence and tower shadowing will be 
considered. 
a) Wind shear 
The wind velocity varies with height. Many laws for the variation 
with height have been suggested but the most often USed is the power law 
after Severdup (1934). Its general form is 
Figure 6.4 Schematic representation of the wind shear profile in 
relation to a wind turbine. 
o 
., 
H 
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where VI'I and V", are the mean velocites at heights hand H respectively 
above the ground. They are related by the the exponent, Ot
oS which is 
indicative of the local topography. Its value depends on the terrain 
and is USUally in the range O.Hice,mud,snow,sea) to O.4(urban). Still 
higher values may possibly occUr in mountainous country. 
Taking the quantity h to be the height of a radial element and H 
to be the hub height (Figure 6.4), then 
- r cos e CO~ 
H 
It is apparent in this caSe that the fractional velocity deficit is 
independent of the size of the turbine for the same diameter to height 
ratio. 
b) Turbulence 
As shown in Chapter 5 the spectrum of the turbulent velocity 
fluctuations seen by a rotating blade has distinct peaks at integer 
mw tiples of blade rotational frequency. The energy associated with 
these peaks is dependent on the tip speed ratio and the turbine 
dimensions relative to the mean eddy size. 
The method generally used to obtain a time series ~ith the correct 
spectral properties is to filter a set of normally distributed random 
numbers With zero mean and unity variance. The shape of the filter 
being the square root of the power spectral density function assuming 
that the relative phases are randomly distributed. The spectrum as seen 
by a stationary observer is relatl vely simple (Chapter 5) allowing the 
random numbers to be smoothed using either a 'top hat' or Gaussian 
Figure 6.5 Time series of the turbulent velocity fluct.uations as seen 
by a rotating blade of a sixty metre diameter turbine at a tip speed 
ratio of ten. in a mean wind speed of 10 mls. and a turbulence intensity 
of 0.2. 
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function in the time domain. However for a rotating observer the 
spectrum is extremely complel( and the time series can not be simply 
modelled in this way. 
The method which has been developed is to generate a set of 
randomly distributed phases between 0- 11" and combine them with the 
square root of the phaseless power spectral densi ty function. The 
inverse Fourier transform of this function will then give a time series 
wi th the cOrrect spectral properties. As noted (Chapter 5) the power 
spectrum is a function of' radial position. TherefOre, to simplify 
computational procedures, 0.7R will be taken as being r epresentative of 
the whole blade. A typical time series of the velocity 
fluctuations (8v~) seen by the rotating blade of a sixty metre diameter 
turbine operatating at a tip speed ratio of ten in a mean wind speed of 
10 mls is shown in Figure 6.5. 
For a two-bladed turbine the turbulent fluctuations for the other 
blade will be determined from the same tim-e series by shifting it an 
amount corresponding to the time taken for a blade to complete half a 
revolution. The development of the power spectra in Chapter 5 was based 
on isotropic homogeneous turbulence theory therefore the turbulence 
intenSity will be independent of height. 
c) TO\ier shadow 
The presence of the supporting structure will introduce a local 
reduction in wind speed s for blades mounted up- or downwind. It is 
likely to be more severe i n the latter case and the wind structure may 
show considerable amounts of turbulence. 
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Full scale measurements (Wilson ~ al. 1979) on the N.A.S.A. 100kw 
test facility at Plum Brook, Ohio using a Laser Doppler Velocimeter 
(LDV) indicated that the velocity deficit 5 metres downwind of the 
lattice tower was of the order of 30S over a 30 degree Sector of the 
rotor disc. The upwind velocity deficit was not measured using the LDV 
but results have been obtained (Savino and Wagner 1976) frOm 1/25 scale 
model tests. for approximately fOr the same distance from the tower. 
The deficit was found to be approximately 5% over a much reduced area. 
Measurements (Morrison 1957) made on a 10kw, 6 metre diameter turbine, 
at the Electrical Research Association test facility at Cranfield, again 
a lattice tower, indicated that the velocity deficit was 20% and 50S up-
and downWind of the tower respectively. Admittedly neither of these two 
towers were aerodynamically clean. 
The velocity deficit and turbulence created by a tower depends to 
large extent on the actual deSign. A lattice tower with a low solidity 
(ratio of the proj ected area total of the individual members of the 
frame to the total area enclosed by the frame) will have in general a 
lower drag coefficient, hence lower velocity deficit and turbulence 
intensity than the corresponding solid tower of the same strength. 
The reduced air velocity due to the tower will be repre,sented by a 
blockage factor. C( e ) «1) for1r/2<e <3/21{ and fOr all other locations 
(=1). It will also be -assumed that the tower is of a uniform 
cross-section allOwing the same functional relationship to be used for 
radial elements. An approximate fit to the data of Wilson et al. (1979) 
for the blockage factor is 
Sin 
Figure 6.6 Tower shadow blockage factor. 
1. .. 
• 9=180 
o. 
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where ge> is the max imum fractional velocity deflci t and gw the hal f 
width (Figure 6.6). The term including "( takes into account the case 
whert the turbine is in yaw and the tower shadow will be displaced 
relative to the swept area. 
The incident velocity field at any point in the swept area is 
given by 
V :(V +8v)= 
.. 00 
and 8v 
8 
are respectively the velocity flUctuations due to 
turbulence and wind shear. 
6.4.4 Forces and moments 
The forces and moments will be calculated at the criteal locations 
identified in section 6.2. 
The fluctuating bending loads are usually more important than the 
constant centrifugal loads (Spera 1977). These b~nding loads are 
usually resolved into the natwise and edgewise components at stations 
along the blade, with the chord line along the flatwise axis. For high 
tip speed ratio turbineS it can be assumed that the chord lines are 
approximately parallel to the plane of rotation. Thus flat wise and 
edgewise are synomonous with out-of-plane and in-plane respectively. 
The blade root moments in the two planes are shown in Figure 6.7, the 
moments at O.5R have the Same axes. The pitching and yawing moments are 
resolved With respect to the tower axis system, Figure 6.2. 'the axial 
force is taken to be along the axis of shaft rotation . 
Figure 6.7 Blade root axes system. 
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The forces acting on a blade element ar e the sum of the inertial, 
gravity and aerodynamic loads equations (6.9>, (6.10) and (6.11) 
respectively. It is a simple procedure to add vectorially the relevant 
contributions and integrate along the blade span to determine the forces 
and moments. For loads referred to the tower it is necessary to sum the 
contributions from both blades. 
6.5 Th~rotors 
In this section the three rotor configUrations will be discussed 
and some concl usions drawn from a simple anal ytical solution of the 
flapping motion. 
6.5. 1 Hinged 
The use of hinged blades was first developed in the fieldS of 
helicopters and autogyros as a means of relieving the large root bending 
moments and of eliminating the subsequent r olling moments which arise 1n 
forward fl ight • 
The first application (Putman 1948) of hinged blades on a large 
wind turbine was the Smith-Putman 1250kW project at Gtandpa' s Knob in 
1940. It had two blades Which were allowed to move downwind about 
coning hinges under the restraint of coning dampers. It was observed 
during operation that vibration problems were progressively reduced as 
the amqunt damping was reduced. This was due to the reduced periodic 
bending moments applied to the supporting structure via the hub. 
To reduce root bending moments to zero we shall consider the caSe 
when K~ =0 and to gain some understanding of the gener,al motion of the 
Ch.6 118 
blade the effects of yawing and gravity will be ignored. 
From equation (6.5), and assuming that the blade motion consists 
only of rigid rotation about the flap hinge, we obtain, 
The free motion of the blade is found by putting the right hand side 
eqUal to zero. The natural frequency of the motion is 
If g is zero (no hinge offset) the natural frequency is exactly equal 
to the blade rotational f r equency. For the six metre diameter turbine 
(Chapter 8) 
M =9. Okg 
e =0.05 
x =0.217 
CS 
R =3.0m 
and from equation (6.4) 
S :: 0-08 
giving a flap frequency about 3% higher than the rotational frequency. 
For a given blade design, e is independent of si ze as the blade mass 
is proportional to R3 and the inertia to R 5 • However. when the 
effects of gravity loading are included, this is not the case, ie 
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'1 
where the term Gt II is proportional to the blade radius. Stoddard 
(1978) has solved this equation and shown that pendular instability may 
1 
arise for certain val ues of G/ nand 1 + E. • For the simple case when 
e =0 he showed that instabil ity could occur when 
Assuming the design parameters for "the six metre diameter turbine, at a 
wind speed of 10m! s and a ti p speed ratiO 0 f 10, we obtain from 
equation (6.4) that 
... 3 
G ~ 5 x 10 
n~ 
which is well inside the stability boundary. 
l-
As Gt n is proportional 
to the radius then the maximum size which a turbine can be bull t 
(assuming the same form of construction as the six metre diameter 
turbine) and remain stable is approximately 120 metres in diameter. It 
is possible to increase the stability boundary from 0.1 to 0.5 by 
including a hinge offset such that E =0. 1. However, as pointed out by 
Stoddard, when the effects of aerodynamic damping are included, pendular 
instability is unlikely to be a problem. 
In a later section the stability of the hinged blade is cohsidered 
using a numerical solution which takes into account non-linearaties in 
the aerodyrtamic damping t but at this point it is appropriate that a 
Simple analytical solution is USed to indicate the magnitude of the 
damping. For a high tip speed ratiO rotor operating near its peak 
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efficiency it is possible to use the analytical solution for disturbed 
flapping motion derived by Bramwell (1976) for a helicopter; that is 
where 
n'" (\ -e )3 
(\+e/3) 
I _ 
t n g i! + (I + £) ~ .. 0 
de 
and c is the chord. S is called Lock's inertia number and for a given 
blade design 1s independent of size. 
Using the design parameters of the six metre diameter rotor with 
~ =21t and c (0. 7SR )=0 . 0122m. a val ue of 7.5 is obtained for S • 0.84 
for n' and 0.79 for n'S/8. This indicates that the motion of the blade 
is underdamped, having a damping coefficient of approximately 40%, of 
1 
critical. 
The flapping motion introduces inertial forces (Coriolis) into the 
plane of rotation which will cause secondary bending moments, especially 
within the vicinity of the blade root. In the fields of helicopters and 
autogyros this additional moment is usually relieved by incorporating 
the so called 'drag hinge'. For a fixed pitch wind turbine the stress 
levels in the edgewise direction are small, therefore the additional 
fluctuating stresses associated with the Cariolis moments are unlikel y 
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to be a serious problem. 
6.5.2 Teeter ed 
A teetered rotor has two blades forming a continuous structure 
which are attached to the rotor shaft with a single flap hinge in a 
seesaw arrangement. (Figure 6.8). Such a rotor configuration has the 
advantage of being mechanically very simple . 
Assuming that the blade motion consists of only rigid rotation 
about the f l ap hinge ; the teeter ed rotor can be thought of as two 
centrally hinged blades having the same periodic motion. Taking moments 
about the hinge ; we obtain from equation (6.5) 
where the superScript refers to the blade. 
If we assume that the flapping moment can be expressed as a 
Four ier series of the form 
-M T ~ M 
o n~ I C 
Cos n e ... M si n n 9 
s 
then the total flap moment about the hinge is then 
2. • M -M : Z >" M CoS n e + M Sin n e Q~I Q!:it ~ c S 
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indicating that only odd harmonics will contribute to the total hinge 
moment. All even terms including the zeroth term will appear as bending 
moments in the blade. As is shown later most aerodynamic loads such as 
wind shear. yaw an~ yawing occur at 1/rev and therefore will hOt appear 
as root bending moments. The tower shadow however will introduce 
higher order harmonics due its impulsive effect. The steady bending 
moments Ha may be reduced by pre-coning the blades. A periodic gravity ~I 
lOad will then appear as a moment about the hinge unless either the 
rotor is counterbalanced or the hinge point is moved to coincide with 
the Centre of gravity of the coned rotor j (Figure 6.9). Moving the 
hinge point also reduces the COrioliS root bending moments by partial 
cancellatin of the inertial forces due to blade elements above the hinge 
line A-A having radial velocities of opposi te Sign to those below the 
line. 
The free motion of the rotor is found by putting the right hand 
side of equation (6.12) equal to zero. The natural frequency is the 
same as a hinged blade with zero hinge offset. 
6.5.3 Hingeless 
In hingeless rotors the blades are attached to the root with a 
cantilever restraint. The fundamental out-of-plane bending mode of a 
hingeless rotor blade is very similar to the rigid flapping mode of a 
hinged blade, because of the large centrifugal stiffening relative to 
the structural stiffening. 
As the fundamental has the largest tip deflection and energy 
aSsociated with it, compared with higher modes, it would seem reasonable 
to assume that a dynamic model based soleI y on the first bending mode 
Figure 6.8 Teetered rotor configuration. 
Figure 6. 9 Teetered rotor configuration with coning. 
displaced to coincide with centre of gravity of rotor. 
Pivot point 
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will give acceptable results. The incorporation of higher modes is 
debatable on the grounds of the increaSed uncertainties associated with 
unsteady aerodynamics. 
FrOm equation (6.5), with G=O. the natural frequency of a hinged 
blade with offset and spring is 
and from Southwell (1921) the natural frequency of a hingeless rotor can 
be written as 
+ Q. 
" 
h i th t ti f d is a function of- the l' ~ were G.>1'Ir" s e nOn-ro a ng requency an a ~ 
mode shape. Comparing equations (6.13) and (6.14) reveals that for the 
first mode shape, 
1 ~ (i..)1'IV" = 
Is 
and 
0. " (r + t) 
Thus it is possible knowing the rotating and non-rotating frequencies to 
determine the equivalent hinged blade. Therefore the equation of blade 
motion for hingeless blade is 
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6.6 Integration of the equation of motion 
2r c.osS 
n 
124 
For all three rotor configurations, considered in this chapter. 
the equation of motion may be written in the form 
The standard method of integrating an equation of this type is to take 
advantage of its periodic nature and express the right hand side as a 
Fourier series. However the transient motion of the blade passing the 
tower and the non-periodic content of the turbulent spectrum means that 
an fopen-form' Of integration is required. Using this form of 
integration the model can easily be extended at a later date to include 
free yawing. 
It is assumed that the right hand side of equation (6.15) is 
constant over the interval eN to eH~' ; that is f=f~ • EqUation (6.15) 
can then be integrated over the interval with the initial conditions 
, 
~ = /3,., and d~ Ide =d~", /d eN to give 
~ "f iN+1 N 
where Lle = e - e . iii., H 
(\- COS q, 6. 6) + ~N COS q.. II e + d ~~ si n q. Ll e 
deN 
To obtain a reasonable estimate of the motion, 
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especially for the transient response, a step si ze of 1 degree was 
chosen. The solution of thi.s equation is dependent on the initial 
conditions. For the case When the forcing function was periodic the 
, 
blade was allowed to rotate several times until the integral converged. 
The number of rotations needed was lisually three. For a non-periodic 
forcing function, i.e. turbulence it was assumed that after ten 
rotations any transient oscillations due to errors in the initial 
boundary conditions would have become small . 
An indication of the error from using this method will be given in 
the next section. 
6.7 Results and com parison 
A versatile computer programme was written to integrate the 
equation of motion ,equation (6. 15). The programme was structured so 
that any type of forcing ruction could be used. This enabled the 
various effects (yaw, yawing, turbulence, wind shear, tower shadowing 
and gravity load ing) to be investigated separatel y or cumulati vel y for 
all three types of roOtor configuration. 
The preceding anal ysis has been applied to a horizontal axis wind 
turbine operating downwind of the tower. The blade shape studied was 
that of the six metre diameter turbine deScribed in Chapter 8. The 
results are presented in a dimensionless form allowing them to be scaled 
to any 5i zed machine assuming the same fOrm of construction. That is 
the scaled blade inertia and mass are proportional to R t; 
3 
and R 
respecti vely. For results which include the effect of gravity load ing 
or turbulence they are evaluated for a rotor 60 metres in diameter. at 
a wind speed of 10 mls and a tip speed ratio of 10. but presented in a 
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dimensionless fonn allowing a direct comparison with the loads arising 
from other effects. 
The following parameters are kept constant throughout the study 
unless Otherwise stated: 
Radius (R) 
Blad e Mass on 
Blade Inertia (Ii 
Centre of gravity (Xeg) 
Wind speed (V
M
) 
Tip speed ratio (A) 
Yaw moment at'm (hR) 
Hub height (H) 
Power law exp:ment (0(,) 
Turbulence intensity ("J) 
Tower shadow depth (g ) 
I> 
Tower shadow width (gw) 
Veer rate i- In 
3 metres 
9 kg 
2. 10.5 kgm 
0.202R 
10m/s 
10 
0.3R 
2R 
0.143 
0.2 
0.5 
0.3ft 
0.002 
All forces are presented in dimensionless units of the fOrm 
and the moments in the form 
Me ~ MOMENT 
.1 1TR3V~ 2} oil 
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where VIJD is equal to to the hub height wind velocity (V H ) and.f is the 
densi ty of air. 
For the case of the hingeless rotor 1 t is asSumed that the ratio 
of the non-rotating blade bending frequency (flatwise mode) to the shaft 
rotational frequency is 2.5; i.e . fairly stiff. This value is in 
keeping with the NASA Mod-O blade (Kottapalli ~ ale 1978). An offset 
value of O.lR was chosen giving a rotating blade bending frequency to 
shaft frequency of 2.7. 
6.7.1 Stability 
The damping ratio ~ is a dimensionless quantity and is defined as 
the ratio of the damping coefficient to the critical damping 
coefficient. 
The damping ratio, which is an indication of the stability; was 
determined for a hinged rotor by restraining the blades in the plane of 
rotation and then releasing. The time history as a function of the 
azimuth angle was then computed (Figure 6. 10) and the damping ratio 
calculated from measuring successive peaks of the decaying oscillatory 
motion. For the teetered configuration the rotor was restrained at a 
flapping angle of 5 degrees befor e being released, (Figure 6.10). This 
was repeated for a range of tip speed ratio spanning the optimum 
(maximum efficiency) . The results are presented in Table 6.1. In 
general it can be. observed that the damping ratio decreases with 
decreasing tip speed ratio reflecting the reduced lift-angle of attack 
curve due to blade stall. The result obtained for a hinged rotor at a 
ti p Speed ratio of ten is similar to that obtained by from the simple 
analytical solution in section 6.5.1 . The similarity of the results for 
Figure 6 . 10 Decaying oscillatory motion of a hinged blade and a 
teetered rotor after being perturbed. 
hinged 
1 
teetered 
180 360 SloO 720 900 1080 
e • 
1'able 6.1 The damping coefficient (Co) as a function of the 
tip speed ratio for a hinged and teetered rotor. 
tip speed ratio hinged teetered 
6 o. 13 O. 11 
8 0.35 0.37 
10 0.31 0.32 
12 0.39 0.40 
Table 6.2 The steady-state flapping angle,p (degrees), as a 
function of the tip speed ratio for a hinged rotor. 
tip speed ratio flapping angle 
6 9.62 
8 7.98 
10 6.41 
12 5. 17 
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the hinged and teetered rotors indicates that the damping ratio is 
fairly independent of the angle of flapping. 
Presented in Table 6.2 is the steady-state flapping angle as a 
function of the tip speed ratio. For this particular blade it can be 
seen that centrifugal mOOlents increase faster than the corresponding 
aerodynamic moments . 
For the hinged blade. increasing the density by 33$ decreases the 
damping ratio from 0.31 to 0.23 and reduces the flapping angle from 
c 0 
6.41 to 4.79 Conversely, decreasing the density. by the same amount. 
increases the damping ratio from 0.31 to 0.53 and increases the flapping 
o 0 
angle from 6.41 to 9.58 . IntrodUcion of a hinge offset. e=0.1 
increases the damping ratio from 0.31 to 0.37. 
Increasing the collect! ve pitch angle of the blade by +5 and +10 
degress (reducing the angle of attack) increases the damping ratio from 
0.31 to 0.33 and 0.36 respectively. Reducing the collective pitch angle 
by -5 degrees decreases the damping ratio from 0.31 to 0.27. 
6. 'J. 2 Forces and mcments 
Presented in Tables 6.3 to 6.9 are the mean and r .m. S • 
(root-mean-square) components of the flapping angle and critical loads 
for the three rotor configurations. Within each table the various 
effects are tabulated separately. tor the particular case of tower 
shadowing the results are also presented as a time history (Figures 6.11 
to 6. 17) • 
From Table 6.3 it can be seen that the r.m.s. component of the 
napping angle for the teetered and hinged rotors are very similar. 
Table 6.3 Comparison of the mean and r.m.s. components of the 
flapping angle (degrees) for three rotor config ur a-
tiohs. 
Yaw 
(II ~ =20. 
Turbulence 
Intensity=201 
Wind Shear 
~=0.143 
Tower Shadow 
Gravity 
YaWing 
i/!l=o.002 
mean 
r.m.s. 
mean 
r.m.s. 
mean 
r.m.s. 
mean 
r.m.s. 
mean 
r.m.s . 
mean 
r.m.s. 
hingeless 
1.1700 
0.0668 
1.2100 
0.1910 
1.1900 
0.0375 
1.1600 
0.1678 
1.2000 
0.0120 
1.2040 
0.0314 
hinged 
6.2700 
0.5657 
6.4400 
1 .0777 
6.4700 
0.1824 
6 . 1500 
0.5771 
6.4000 
0.5670 
6.4103 
0.0009 
teetered 
... 0.0010 
0.5000 
0.0148 
1.0327 
-0.0006 
0.1816 
-0.0019 
0.5735 
0.0000 
0.0000 
0.0009 
0.2790 
Table 6.4 Comparison of the mean and r.m.s. components of the 
flatwise root bending moment coefficient 
three rotor configurations. 
c _ ( M ) 
~1 
Yaw 
o 
~ =20 
Turbulence 
Intensity:20% 
Wind Shear 
IX, :: 0 • 1 43 
Tower' Shadow 
gw :: 0 • 3 t gt> :: 0 • 5 
Gravity 
Yawing 
i/rL::0.002 
mean 
r.m.s. 
mean 
r.m.s. 
mean 
rim.s. 
mean 
r.m.s . 
mean 
r.m.s. 
mean 
r.m.s. 
hingeless 
-0.21"55 
0.0124 
-0.2231 
0.0351 
-0.2207 
0.0068 
-0.2135 
0.0309 
0.2216 
0.0017 
0.2215 
0.0057 
hinged 
0 . 0000 
0.0000 
0.0000 
0.0000 
0 . 0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
teetered 
-0.2600 
0.0000 
-0.2712 
0.0131 
-0.2681 
0.0000 
-0.2571 
0.0174 
-0.2688 
0.0000 
0.2688 
0.0000 
for 
Table 6.5 Comparison of the mean and r.m.s. components of the 
(0 
edgewise root bending moment coefficient (M
z 
) for 
z. 
three rotOr configurations. 
hingeless 
Yaw 
~ 
~ =20 
Turbulence 
Intensity=20$ 
Wind Shear 
CXs = O. 143 
Tower Shadow 
g :0.3.g =0.5 
'N • 
Gravity 
Yawing 
i/.il=0.002 
mean 
r.m.s. 
mean 
r.m.s. 
mean 
r.m.s. 
mean 
r.m.s. 
mean 
r.m.S. 
mean 
r.m.s. 
0.0184 
0.0002 
0.0217 
0.0082 
0.0206 
0.0021 
0 . 0184 
0.0051 
0.0209 
O. 1250 
0.0191 
0.0000 
hinged 
0.0184 
0.0024 
0.0215 
0.0109 
0.0206 
0.0017 
0.0180 
0.0069 
0.0209 
0.1250 
0.0208 
0.0010 
teetered 
0.0183 
0.0036 
0.0213 
0.0045 
0.0209 
0.0000 
0.0181 
0.0046 
0.0211 
0.1253 
0.0211 
0.0020 
Table 6.6 Comparison of the mean and r.m.s. components of the 
I: flatwise 0.5R bending moment coefficient (M~, for 
three rotor configurations. 
Yaw 
Turbulence 
Intensity:20% 
Wind Shear 
<Xs = O. 143 
Tower Shadow 
g :0.3,g :0.5 
w 1> 
Gravity 
Yawing 
i'l n =0.002 
mean 
r.m.s. 
mean 
r.m.s. 
mean 
r.m.s. 
mean 
r.m.s. 
mean 
r.m.s. 
mean 
r.m.s. 
hingele.ss 
-0.0701 
0.0035 
-0.0722 
0.0091 
... 0.0714 
0.0022 
-0.0702 
0.0067 
-0.0718 
0.0000 
0.0117 
0.0010 
hinged 
-0.0341 
0.0012 
-0.0342 
0.0021 
-0.0362 
0.0007 
-0.0341 
0.0028 
-0.0339 
0.0032 
-0.0340 
0.0010 
teetered 
-0.0782 
0.0006 
-0.0811 
0.0034 
-0.0790 
0.0001 
-0.0186 
0.0048 
... 0.0805 
0.0000 
-0.0805 
0 . 0010 
Table 6.7 Comparison of the mean and r.m.s. components ot the 
e 
tower yawing moment coefficient (Mx _ ) for three 
3 
rotOr configurations. 
hinge l ess 
Yaw 
.. ~ ::20 
Turbulence 
Intensity:20% 
Wind Shear 
()(3 :: 0 • 1 4 3 
Tower Shadow 
gw :: 0 . 3 • g~ : a . 5 
Gravity 
Yawing 
t/n=0.002 
mean 
r.m.s. 
mean. 
r.m.s. 
mean 
r.m.s. 
mean 
r.m.s. 
mean 
r.m.s. 
mean 
r.m.s. 
0.0048 
0.0127 
0.0197 
0.0382 
0.0000 
0.0074 
-0.0015 
0.0400 
0.0003 
0.0000 
- 0.0012 
0.0066 
hinged 
0.0048 
0.0079 
0.0018 
0.0197 
0.0004 
0.0035 
-0.0004 
0.00135 
0.0048 
0.0172 
-0.0023 
0.0040 
teetered 
0.0049 
0.0014 
0.0023 
0.0042 
-0.0005 
0.0010 
-0.0002 
0.0046 
0.0000 
0.0000 
-0.0021 
0.0000 
Table 6.8 Comparison of the mean and r.m.s. components of the 
- - (;. -tower pitching moment 
rotor configurations. 
hingeless 
YaW 
CI ~ :20 
Turbulence 
Intensity=20% 
Wind Shear 
Ot,:0. 14 3 
Towe r Shad 0 w 
g :0.3,g =0.5 
\oJ 1> 
Gravity 
Yawing 
i In =0.002 
mean 
r.m.S. 
mean 
r.m.S. 
mean. 
r.m.s. 
mean 
r.m.s. 
mean 
r.m.s. 
mean 
r.m.s. 
coefficient (M.\ji) for three 
-0.0189 
0.0130 
-0.0244 
0.0334 
-0.0104 
0.0073 
-0.0201 
0.0360 
-0.5012 
0.0010 
0.0095 
0 . 0066 
hinged 
0.0007 
0.0079 
0.0026 
0.0193 
0.0001 
0.0033 
-0.0003 
0.0095 
-0.5009 
0.0174 
-0.0008 
0.0040 
teetered 
0·.0003 
0.0014 
0.0022 
0.0034 
0.0001 
0.0010 
0.0002 
0.0022 
0.4828 
0.0017 
-0.0001 
0.0000 
Table 6.9 Comparison of the mean and r.m.s. components of the 
G 
aXial force coefficient (F
2
) for three rotor 
configurations. 
Yaw 
~ =20 o 
Turbulence 
Intensity:20% 
Wind Shear 
Q(s=0. 14 3 
Towel" Shadow 
g =0.3.g :0.5 
w " 
Gravity 
Yawing 
j/I1:0.002 
mean 
r.m.s. 
mean 
r . m. s. 
mean 
r.m.s. 
mean 
r.m.S. 
mean 
r.m.s. 
mecHl 
r.m.s. 
hingeless 
0.7 7 8 7 
0.0026 
0.8116 
0.0890 
0.8073 
0.0044 
0.7553 
0.0996 
0.8100 
0.0020 
0.8110 
0.0022 
3 
hinged 
0.7120 
6.0033 
0.8135 
0.0532 
0.8050 
0.0026 
0.7509 
0.0416 
0.8067 
0.0057 
0.8077 
0.0014 
teetered 
0 . 7800 
0.0055 
0.8231 
0.0439 
0.8138 
0.0022 
0.7544 
0.0608 
0.8161 
0.0010 
0.8160 
0.0020 
Figure 6.11 The effect of tower shadowing on the flapping angle ( ~ ) 
for three rotor configurations. 
Figure 6.12 The effect of tower shadowing on the flatwise root bending 
moment coefficient (Me) for three rotor configurations. 
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moment coefficient (Me) for three rotor configurations. 
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Figure 6.14 The effect of tower shadowing on the flatwise O.5R bending 
moment coefficient (M~ ) for three rotor configurations. 
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Figure 6. 16 The effect of tower shadowing on the to\o{er pitching moment 
coefficient (Me) for three rotor configurations. ~.J 
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Figure 6.18 The effect of tower shadowing on the shaft torque 
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indicating that the blade motion is fairly independent of the mean 
flapping angle and that most of the periodic aerodynamic loads are odd 
harmonics. As expected. gravity loading causes a periodic flapping 
motion for both the hingeless and hinged blades but not for the teetered 
rotor as its oentre of gravity was at the pivot point. 
The normalised power specral density (N.P.S.D.) functions of the 
flapping motion for the particular case of tower shadowing are presented 
in Figure 6.19. It is interesting to note that, in the case of the 
hingeless rotor, peaks in the spectrum occur not only at l/rev and 
3/rev. as would be expected, but also at 2/rev. This is probably due to 
the impulsive effect of the tower shadow causing a wide band forcing 
function. 
Components of the flatwise root bending moment are shown in 
Table 6.4. As expected. both components are Zero for the hinged rotor 
except in the case of tower shadowing. These are due to errors in the 
numerical solution of the equation of motion. The mean levels are 
slightly less for the hingeless rotor compared with the teetered rotor 
due to the blade flexure (flapping). The r.m.s. components for the 
teetered rotor are significantly smaller, except in the case of the 
tower shadow, indicating the presence of. even harmonics which can be 
Seen in Figures 6.12 and 6.20. 
In contrast. the edgewise r.m.s . moments (Table 6.5) for both the 
hingeleSs and teetered r otors are less than for the hinged rotor. This 
is due to Coriolis forces acting on the hinged blade due to its large 
flapping angle. For a large wind turbine the fluctuating edgewise 
moments will be dominated by gravity loading . 
Figure 6.19 The normalised power spectral density (N. P .S. D.) function 
of the flapping angle (~) due to tower shadowing for three rotor 
configurations. 
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The mean flapping moments, at 0.5R (Table 6.6), are much smaller 
for the hinged rotOr compared with either of the other two rotor 
configurations. This is due to the centrifugal moments partially 
cancelling the aerodynamic moments. 
Inspection of Tables 6.7 and 6.8 indicates that both the mean and 
r.m.S. components of the yawing and pitching moments fOr the hinged and 
teetered rotors are significantly less than the corresponding moments' 
for the hingeless rotor. This is due to the fact that neither the 
teetered or hInged rotor can transmit bending moments only shearing 
forces. The fluctuatIng component of the teetered rotor in comparison 
to hinged rotor are less dUe to its centre of gravity remaining in the 
sable position. For a large wind turbine with hinged bladeS gravity 
loading will produce a yawing moment and in the particular case of a 
free yawing turbine this will cause it to run at a yaw angle of 
approximately 20 degrees. 
For all three rotor configurations the axial force coefficients 
(Table 6.9) are similar and the fluctuating components are less than 10J 
of the mean val ues • 
Spectral anal ysis of the forces and moments applied to the tower 
revealed peaks at 2/rev and 4/rev as expected, the first being 
considerably more predominant. 
Shown in Figure 6.18 is the time history of the shaft torque 
coefficient. It can be seen that large fluctuationS in the torque will 
occur whatever the blade" configuration. 
For a hinged rotor, increasing the hinge offset (eR) increases the 
downwind restoring torque due to the displaced centrifugal force vector 
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applying an additional couple to the hub. For 20 degrees of yaw, 
increasing the hinge offset from O. to 0.05 to 0.10 incr easeS the yaw 
moment coefficient from 0.0052 to 0.0089 to 0.0122 respectively. 
6.7.3 Experimental 
Presented in Figures 6.21 and 6.22 are typical time histories of. 
the pitching moments for a two-bladed. three metre diameter turbine 
(desigrted optimum tip speed ratio of six, Chapter 8). The rotor was 
constructed so that its blades could either be attached as a single 
rigid piece (hingeless) or individually hinged. Comparing Figures 6.21 
and 6.22 reveals (for similar operating conditions) that. as predicted 
by the preceeding anal ysis. hinging the blades caused a significant 
reduction in the load s transferred to the supporting structure. The 
hingeless blade (Figure 6.21) shows large rapid fluctuations in the 
tower pitching moment at a frequency of approximately 2/rev. A 
comparison of' Figures 6.21 and 6.13 indicates that these fluctuations 
were probably caused by the tower shadow. 
A detailed comparison of the experimental and theoretical results 
is not possible because. a) the turbine operated in free-yaw, b) at a 
constant tip speed ratio and c) the tower was not infinitely stiff as 
assumed in the theoretical model. 
6.8 Conclusions 
A theoretical' model has been developed for determining the dynamic 
motion of a two-bladed horizontal-axis wind turbine. This has allowed 
the forces and moments wi thin the blade and those transferred to the 
supporting structure to be predicted for three rotor configurations. 
Figure 6.21 Typical time series of the pitching moment for a two-bladed 
three metre diameter wind turbine operating at a tip speed ratio of 
approximately six with rigid (hingeless) blades. 
Figure 6.22 Typical time series of the pitching moment for a two-bladed 
three metre diameter wind turbine operating at a tip speed ratio of 
approximately six with hinged blades. 
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For each, a variety of operating conditions was considered. 
Results have been presented b,Oth theoretically and experimentally 
which have shown that the loads transferred to the support1ng structure 
are considerably reduced when either a teetered or hinged rotor 
configuration was used compared with a hingeless rotor. It has also 
been shown that the teetered and hinged rotor configurations were stable 
over a wide range of operating conditions. 
Fat" large wind turbines with a hinged blade configuration gravity 
loading will introduce a periodic flapping motion which will result in a 
permanent yawing moment. For a free-yawing turbine this will cause it 
to run at an angle to the wind. 
The most significant loads have been shown to be due to turbulence 
and tower shadowing. The lattet" may be reduced by either. a) reducing 
the physical dimensions of the tower, b) increasing the downwind offset 
or c) operating the rotor upwind of the tower. If the first of these is 
adopted it Will be necessary to use a hinged or teetered rotor 
configuration to minimise the loads transferred to the tower and 
therefore prevent rotor/tower coupling. Increasing the downwind offset 
means that the tower would have to be more rigid and therefore possibly 
larger and uneconomic. Mounting the blades upwind of the tower would 
prohibit the use of hinged blades as the they may come into contact with 
the tower and also the turbine would have to be driven to follow changes 
in wind direction. 
TurbUlence is independent of rotor configuration and can only be 
minimised by reducing ·the turbulence intensity. This implies siting the 
turbine 'in an area of low suface roughness or increasing the hub height. 
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It can be finally concluded that a teetered, pre-coned, 
free-yaWing, downwind rotor may have significant advantages over both 
the hinged and hingeless rotor configurations 4 
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Chapter 7 
The site. data acquisition and turbine control system 
1.1 Introduction 
In this chapter the site and the data acquisition and turbine 
control systems are discussed. Also presented is a method using 
numerical Simulation techniques for investigating various control 
stratagies. 
7.2 The Site 
The s1 te is situated at the Mullard Radio Astronomy Observatory. 
Lord's Bridge t which is five miles south-west of Cambridge. 
It was assumed that the site meteorlogy was similar to that 
measured at the meteorological station Cardington. which is situated 
approximately 19 miles due east of the site. The probability density 
and duration functions of wind speed for the period 1971-1979 inclusive 
are shown in Figure 7.1. The hourly mean wind speed was calculated as 
4 mls. For the same period the probability of wind directions is shown 
in Figure 7.2. The prevailing wind direction was south-west. The next 
most frequent direction was northerly. 
The site enjoys a good aspect from the prevailing wind direction 
(S-W) whereas from the east the wind flow is dominated by one of the 
42ft diameter aerials of Skm radio telescope. The presence of trees 
towards the north is likely to increase the turbulence intensity but 
they are sufficiently far away (150m) that they are unlikely to be a 
dominant influence. The flow from the west is dominated by the contr~l 
Figure 7.1 Pr obability density and duration functions of the wind speed 
derived from hourly averages for the period 1971-1979 inclusive at 
Cardington. 
Figure 7.2 Probability of wind directions derived from hourly averages 
for the periOd 1971-1979 inclusive at Cardington. 
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building. which is likely to produce significant amounts of turbulence 
over the rotor swept area. The terrain within the immediate vicinity of 
the site is fairly flat and the surface is moderately rough. 
Figure 7. 3 shows the relati ve poSitions of the two turbines and 
the pOSitions at which meteorological masts could be stationed . This 
layout facilitated the measurement of the incident wind and under 
certain conditions it enabled the velocity deficit in the wake of the 
turbine to be determined. It was not possible to situate measuring 
towers north of the turbines because of land restrictions. 
7.3 Data acquisition system 
A schematic layout of the data acquisition system 1s shown in 
Figure 7.4. 
7.3. 1 Dat<3 1999~r 
The data logger was designed to accept up to ten channels of pulse 
·counters. each one being simultaneously integrated and then punched 
sequentially (as eight bit numbers) on paper tape at rates of up to 
4/sec. Continuously conditioned analogue outputs were also available to 
drive meters and U. V recorders. A keyboard was incorporated into the 
design to facilitate the manual punching of additional data ie. tape 
number. data rate. number of channels and the positions of the 
anemometers and wind vane. After being recorded on papertape the data 
was available for future analysis on the University of Cambridge I s IBM 
Figure 7. 3 Relative positions of the turbines and meteorological masts. 
Figure 7.4 Schematic representation of the data acquisition and turbine 
control system. 
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370 computer. 
7.3.2 Anemometers and wind vane 
Four anemometers and a wind vane could be stationed at a variety 
of positions around the turbine, each one being coded with a two digit 
number (Figure 7.3) corresponding to its position . The anemometers used 
were of the rotating cup type made by Vector Instruments and had a pulse 
train output. The performance specified by the manufacturer was: 
threshold of 0.25 mls. maximum Wind speed 50 mis, linearity 2J. accuracy 
2JtO.l m/s and a distance constant of 5m. The frequency of the pulse 
train output was 10Hz/(m/a) with a duty cycle of approximately 50S. The 
wind vane. supplied by the same manufacturer. had a 4 bit gray code 
output correspond ing to an angular resol ution of 22.5 degrees. One of 
the channels of the data logger waS modified to enable the gray coding 
to be accepted and converted into binary. It WaS then four bit shifted 
to the right to provide a sentinel before being punched on to the tape . 
The masts consisted of light alloy scaffolding .poles (which were 
placed in reinforced holes in the ground) and a1 uminlum tubes inSerted 
in the other end to carry an anemometer or wind vane. The height of the 
masts could be adjusted by varying the amount of overlap of the two 
tubes. The maximum height which could be attained without guy ropes was 
approximately 9 metres. 
7.3.3 Power and r.p.m. transducers 
For both the two three metre and six metre diameter turbines the 
rotor drove a three phase permanent magnet alternator either directly or 
via toothed belts . Each phase was independently loaded with a resistive 
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(resistive and capacitive for 6 metre diameter turbine) load. The power 
output was determined by measuring the current and voltage in each 
phase, multiplying them together, and then integrating after summing the 
phases together. 
The power-measuring circuit was calibrated by measuring the 
vol tag! and current (using a digital voltmeter) supplied by the mains 
for each phase for a Variety of resistive loads. The results of the 
calibration indicated that the circuit was accurate to t 2~. The time 
constant of the device was determined to be O.3s by applying a step 
function to the input. 
The rotational speed of the turbine was obtained by determirling 
the frequency of the voltage output and then scaling by a factor 
determined by the number of poles in the generator and the ratio of the 
gearbox. 
7.3.~ Strain gauges 
Measul"emen t of load s transferred to the supporting structure were 
made using strain gauges fitted to the tower. For the tWQ 3 metre 
diameter turbines they were placed around the veer axis bearings and for 
the six metre turbine at the base of the tower. The strain gauges were 
of the etched foil type which had a nominal resistance of 12011.. A 
Philips PH 9872 strain gauge converter was used for each channel. A 
built-in bridge completion circuit enabled half bridges to be USed With 
these units. The frequency range as quoted by the manufactuer was 
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0-200Hz (-3db). 
7.4 Turbine control s ystem 
A control system was developed for adjusting the electrical load 
to provide the required torque to the wind turbine shaft. The system 
was based around a microprocessor controlling the duty cycle via solid-
state relays for each phase of the alternator. The duty cycle being the 
percentage of the time the alternator output was connected to the load. 
It was not continuously variable between 0-100% but in integer multiples 
• 
of 2.5% (i.e. quantised). the system was extremely versatile and could 
easily be modified to be used with other forms of power take-off. 
The microprocessor sampled the wind speed and rotational speed at 
a rate of 5/sec and used a numerical algori tnm stored in memory to 
determine the duty cycle for each phase. 
Three numerical algorithms nave been developed, two to control the 
turbine at a constant tip speed ratio (maximum energy extraction) and 
one to maintain it at a constant rotational speed. One of the two 
methods used to maintain a constant tip speed ratio bases its calcula-
tion solely on the rotational speed, the other evaluates the actual tip 
speed ratio from measuring the wind speed derived from an anemometer and 
turbine rotational speed and comparing it with a reference tip speed 
ratio. Flow charts for the three algorithms are shown in Figures 7.5, 
Figure 7.5 Flow-chart for the method of controll ing the turbine to 
operate at a constant tip speed ratio using an external anemometer. 
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Figure 7.6 Flow-chart for the method of controlling the turbine to 
operate at a constant tip speed ratio based on the rotational speed. 
Figure 7.7 Flow-chart for the method of controlling the turbine to 
operate at a constant rotational speed. 
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7.6 and 7.8. 
7.4.1 Constant tiE speed ratio 
a) Method 1 
In this section a control strategy will be developed based on the 
use of an anemometer as a means of determining the tip speed ratio. The 
effects of the lack of correlation between the anemometer and turbine 
and its position relative to the turbine wake will be considered. 
Any method based on the actual measured tip speed ratio suffers 
from the problem of spuriOus transient fluctuations in the apparent tip 
speed ratio caused by the lack of correlation between the wind at the 
anemometer and at the turbine. This effect can be minimised by placing 
the anemometer immediately upstream of the rotor, however this would 
mean, a) the anemometer would have to track the wind direction as the 
turb ine veer s • and. b) to do so would mean it would be in close 
proximity to the rotor and thus, would read slightly less than the 
correct Wind speed. Also a time delay would be introduced between the 
anemometer and the turbine. A theoretical method has been developed. 
Chapter 3, to estimate the velocity deficit upstream of the rotor. This 
method is however dependent on a knowledge of the tip speed ratio and 
the thrust coefficient. A more satisfactory method is to use a 
filtering technique to reduce the decorrelated high frequency components 
and leave the correlated low frequency component. This method allows 
the anemometer to be placed further away from the turbine. Further 
analysis is needed to determine the integration time. in order to 
predict those frequencies which are required. 
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It is important to consider. a) the time constant of the turbine 
and, b) the distance between the anemometer and turbine when determining 
the integration time. In Chapter 5 the effects of turbulence on the 
power output of a wind turbine were cOnSidered. In particular the 
effects o( incoherent velocity fluctuations across the rotor and the 
inertial effects associated with operating at a constant tip speed 
ratio. This analysis gives one estimate for the integration time. For 
example a turbine 60 metres in diameter has a time constant which is 
typically 20 seconds (includes both spatial averaging and rotor time 
constant). A second estimate can be obtained bY conSidering the separa-
tion between the turbine and the anemometer and then from the square-
root of the coherence function (Coh) , determine the highest 
frequency (n) t at which (Coh) >0.5. The reciprocal of this frequency 
can be aSSumed to be appro x imatel y equal to the integration time. The 
coherence between two points separated by a distance Z is (Pielke and 
Panofsky 1970) 
Coh • ex p [- I a Z n / V I ] (7.1) 
where (a) is a decay parameter depending on the height above the ground 
and the direction of separation. Typical values (Pielke and 
Pano (sky 1970) for a lateral or vertical separ ation is a= 17 and for a 
longitudinal separation (RopeleWSki ~ a1. (1972) a=3. The proximity of 
the anemometer to the rotor determines the error in the actual reading 
of the wind velocity. The worst case is when the anemometer is 
downstream of the rotor. From Milborrow (1980), we can estimate that 
for an error in the reading of less than 10~ the anemometer has to be 
placed more than 10 rotor diameters from the turbine. From equa ... 
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tion (7.1) (with a=3. V=10m/s and ~ =10x(diameter=60m) n:0.003Hz 
giving an integration time of~ 3005. For smaller machines the integra-
tion time will scale accordingly. Thus the integration time needed to 
obtain an accurate correlated estimate of the wind velocity at the rotor 
is considerably longer than the time constant of the machine, resulting 
in the turbine operating at tip speed ratio other than the reference tip 
speed ratio for considerable periods of time . 
A possible solution to this problem (which has in fact been 
adopted) is to use a number of anemcmeters sitUated around the turbine 
and average their readings. It was then possible using this method to 
situate them closer to the turbine, increasing the correlation. and then 
only accept readings from those which are not immediately up- or 
downstream of the rotor. 
In high Wind speeds the output of the turbine was regulated by 
progressively reducing the tip speed, causing the blade to stall and 
lose efficiency. Up to the time of writing this has been done manually 
but it could easily be incorporated in to the algorithm. 
b) Method 2 
A considerably Simpler method of control is to base the calcula-
tion solely on the rotational speed. In its simplest form it matches 
the steady-state power output of the turbine to the load. This requires 
a knowledge of the I?Ower vs. rotational speed charcterist1cs of the 
a1 ternator • 
As will be shown in Chapter 8. the power output of the two 
a1 ternator"s used in this study were approximately proportional to the 
shaft speed squared. The steady-state output of a wind turbine. at a 
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constant tip speed ratio. is proportional to the shaft speed cubed, 
therefore (neglecting the effects of gearbox losses) the duty cycle, for 
all three phases. must be proportional to the shaft speed. 
In general the overall efficiency of the complete system 
(aerodynamic, mechanical and electrical) at a given rotational speed is 
where ~g and lla are the efficiencies of the gearbox and alternator 
respectivel y. Therefore the duty cycle (for each of the three phases) 
can be determined from 
(7·2.) 
where P and ~ are the power in the wind and that dissipated in the 
load respectively. ~ and Tl~ have been derived from 
experimental measurements Chapter 8. The power coefficient C,. ( /\.) was 
initially determined from a theoretical estimate (Chapter 8) and after 
analysing the actual performance of the turbine. corrections were made 
accord ingl y. 
In high wind speeds the power output was regulated by progres-
si vely increasing the rate at which the duty cycle increased as the 
rotational speed increased. This effectively reduced the tip speed 
ratio causing the blade to Stall and lose efficiency. 
c) Method 3 
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Another approach, which has been developed but at the time of 
writing not yet been implemented. is to try and ~educe the response time 
of the turbine, thus allowing it to follow the gusts more accurately, by 
reducing the rate at which the load is applied when the turbine 
accelerates and increasing it when it decelerates. A Simple way of 
applying this method is to add to the right hand side of equation (7.2) 
a term including d!l/dt such that 
where . I is the combined moment of inertia of the gearbox, alternator and 
rotor. 
For high wind speed s a similar method to that used in Method 2 
could be used . 
7.4.2 Constant rotational speed 
This form. of control was initiall y developed to prov ide a method 
of determining the aerodynamic efficiency more effectively by reducing 
the power output fluctuations due to rotor inertIa; it also has 
applications in the generation of a synchronous supply. Considerable 
problems were encountered because the time constant of the controller 
was not Significantly shorter than that of the turbine. The time 
constant of the controller was determined by a) the cycling rate of the 
microprocessor and b) the response time of the cireui t converting the 
rotational speed (frequency) to an analogue signal. The cycling time of 
the microprocessor could not be decreased because the quantisation 
level, in determining the duty cycle. would become Significant. This is 
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due to the fact that the solid-state relays uSed for switching the loads 
on and off were based on zero cross.ing triacs Le. will only switch in 
complete half cycles. The response time of the frequency to voltage 
converter could be reduced but at the sake of an increased ripple on the 
output vol tage • This effec twas marg ina11 y offset by mea sur ing the 
frequency of all three phases of the alternator and combining them to 
form another frequency three times as high. 
7.4.3 Numerical simulation 
In the previous section three methods have been described for 
controlling a turbine to operate at a constant tip speed ratio, with the 
aim of extracting the maximum possible energy from the wind. 
To evaluate the effectiveness of the three methods a numerical 
simulation. of the dynamics and control system was implemented. 
Numerical simulation WaS used in the preference to field measurements as 
the errors associated with such measurements are usually large and the 
conditions are not reproducable unless taken over a very long period of 
time. The wind velocity for the simulation was obtained from the four 
anemaneters at the eXperimental site. For all three methods of control 
the energy output and probability density functionS of the tip speed 
ratio were determined for 24 minutes of wind data. The mean wind speed 
and turbulence intensity were 7.10 mls and 21% respectively. The 
turbine' parameters (torque vs. rotational speed) were modelled on the 
theoretical prediction for the 6 metre diameter turbine (Chapter 8), the 
'1. inertia of the system being 23 kgm . 
For the control method which requires a knowledge of the actual 
tip speed ratio the Simulation was arranged so that one of the four 
Figure 7.8 Probability density function of tip speed ratio for the 
three methods of control. 
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anemometers represented the actual wind speed seen by the rotor and the 
other three were used to determine the the apparent tip speed ratio. 
Using the same wind data the simulation was repeated for the other two 
methods. The probability density functionS of the tip speed ratio for 
all three methods are shown in Figure 7.8. The results indicate that 
wi th a suitable choice of' K' it was possible to increase significantly 
the amount of time the turbine spends operating close to its optimum tip 
Table 1.1 Average power output of a turbine controlled to maintain a 
constant tip speed ratio. 
Method Power · (W) 
1 3109 
3046 
3 3140 
speed ratio. Table 7. 1 shows the effect of the three methods on the 
average power output. As would be expected from the frequency distribu-
tion of tip speed ratio, the method based solely on the rotational speed 
with the feeback term is able to extract more energy. The results also 
indicate that the added complexity of using anemometers to determine the 
loading does not seem to be warranted. 
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Chapter 8 
Mechanical design 
8. 1 Introduction 
The properties of three turbines have been examined during the 
course of the experimental stUdy. The first two were both three metres 
in diameter, two-bladed and operated downwind of the tower (Plate 8.1). 
for both rotors a step-up drive was necessary to drive a high speed 
permanent magnet alternator (Plate 8.2). A schematic drawing of the 
layout is shown in Figure 8.1. 
After a number of measurements had been made on these rotors a six 
metre diameter turbine was built on the same site, after the original 
tower had been removed. This machine was again two-bladed and operated 
downwind of the tower (Plate 8.3). For this turbine a low speed 
alternator was used allowing it to be directly driven (Plate 8.4). A 
schematic drawing of the layout is shown in F"igure 8.2. 
This chapter contains a 'descriptio~ of the two three metre and the 
six metre diameter turbines. 
8.2 Blade and hub design 
The first three metre blade was designed to have an optimum 
(maximum efficiency) tip speed ratio of six . The aerofeil section used 
was the Clark YH which has a flat pressure side and consequentially a 
maximum lift to drag ratio of only 28. The blade was constructed out of 
laminated beech and originally made as a single piece (both blades). 
Calculations on this blade revealed (Appendix A) that the stress levels 
Figure 8.1 Schematic layout of the nacelle of the two three metre 
diameter turbines. 
Figure 8.2 Schematic layout of the nacelle of the six metre diameter 
turbine. 
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were very low and the blade ",as unlikely to deform significantly under 
load. Its first natural frequency was measured to be 15. 3Hz ind icating 
that the blade was extremely stiff. The chord and pitch (defined in 
Figure 8.3) as functions of the fractional blade radius are shown in 
Figure 8.4. The rotor was subsequently Sawn in half, enabling each 
blade to be hinged at the root allowing freedom of coning. The blades 
were not hinged on the rotor axis but offset, which. as shown in Chapter 
6, raises the natural frequency above the blade rotational frequency and 
also increases the downwind restoring force. A photograph showing the 
plan form of the blade is shown in Plate 8.5. 
In order that experience could be gained with a high tip speed 
ratio rotor, with the view to building a larger rotor directly coupled 
to a low speed alternator. a two-bladed rotor was designed to operate at 
a tip speed ratio of ten (maximum efficiency). The method used fot' 
deSigning the rotor is outlined in Chapter 4. The design was based on 
tha HACA 4412 aerofoil section which, as shown in Chapter 2. has a high 
lift to drag ratio over a range of both angles of attack and Reynolds 
numbers. The blades were separately fabricated out of laminated beech, 
the chord and pitch angle as functions of the fractional blade radius 
being shown in Figure 8.4. A photograph showing the plan form of the 
blade is shown in Plate 8.6. 
The stress levels compared with the previous design. for the same 
mean Wind speed. were considerabl y higher and significant deflection of 
the blade occurred (in the flapping plane), Appendix A. The blades were 
also hinged in a similar manner to the previous rotor and the hub 
assembly for 'both is shown in Plate 8.7. A stainleSS steel pivot 
located two bearings attached to the root of each blade . The blades 
Figure 8.3 Defii'ii tion of the chord (c) and pitch angle (~s). 
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Figure 8.4 The reduced chord (c/R) and pitch angle ( ~ ) as functions 
of the fractional radius (x) for the three turbines used in the 
experimental study . 
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were restrained from excessive movement by means of progressive rubber 
bump stops. The total angular movement allowed was approximately 10 
degrees about a previously determined coning angle (Chapter 6). 
The six metre diameter blades were of a generally similar design 
(using the same section) to those of the second three metre diameter 
rotor. i.e. max imum efficiency at a tip speed ratio of ten. but a more 
practical shape was adopted near the blade root to minimise 
manufacturing problems. The loss of efficiency incurred was not 
significant eLl Cp~ 0.01). The chOrd and Pitch angles as functions of the 
fractional blade radius are as shown in Figure 8.3. The blades were 
again separately fabricated out of laminated beech and hinged at the 
root. A similar stress analysis as tor the previous two rotors was 
performed. Considerable problems were encountered during the 
manufacture. and subsequently during operation. due to the beech bei.ng 
insufficiently seasoned, causing the blades to warp. This problem was 
resolved by re~laminating the appropriate sections. A photograph 
showing the contrasting detailS between the three blades is shown in 
Plate 8.8. the theoretical performance for the three rotors taking into 
account hub losses 1s shown in Figure 8.5. Tip losses were calculated 
frOm the Prandtl model and applied in the standard way (Chapter 2). 
The hub assembly for these blades is shown in Plate 8.9. Unlike 
the previous hub assembly. the bearings were not located in the blade 
roots but in an aluminium block which was fixed to the a1 ternator shaft 
by a standard international taper. Stainless steel pivots were again 
used but of a larger gauge. Thrust bearings were used to allow the mild 
steel blade rOot extensions to move freely against the a1 uminium and 
progressi ve bump stops made of' neoprene tubing were used to prevent 
Figure 8.5 Theoretical aerodynamic performance of the three rotors used 
in the experimental study (hub losses have been inc1 uded) • Tip loss 
correction derived from the Prandtl model arid applied in the standard 
way. 
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exceSsive coning angles. The position of the bump stops WaS adjustable 
allowing the total blade angular movement to be altered. The bump stops 
acted in such away that their Youngs modulus was a function of the 
amount they were compressed. Initially the modulus was small, allowing 
the blades considerable angular movement. but as the two faces of the 
neoprene tube came into contact the modulus significantly increased and 
constrained the blade from further movement. Under normal operating 
conditions the blades operated within limits set by the position of the 
stopS. The modulus was sufficiently high to restrict blade movement at 
low rotational speeds when gravity loading was predominant. 
The nose cone was moulded out of glaSs-fibre. A former was first 
made out of circular polysterene blocks and then shaped using a filler 
and a rotating template. A glass-fibre mould was then made in two 
halves allowing them to be easily released from the former. The two 
halves were then fitted together and a glaSS-fibre mould of the interior 
surface made. This was affixed to the hub assembly by means of a 
draw--bol t. 
All three rotors were carefully statically balanced (Plate 8.10) 
before being run . 
8.3 Measurements on the two permanent magnet alternators 
Before the aerodynamic efficiency of the rotors could be 
determined from experimental results. or the numerical algorithm in the 
previous chapter derived. the efficiency and power output of the two 
alternators had to be determined. Both alternators were of a permanent 
magnet constr:uction therefore not requiring an excitation current. The 
al ternator used with the two three metre diameter rotors was 
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commerciall y available from Newton Derby and WaS rated at 1.5kW at 
3000 rpm (revol utiOfiS per minute). The high rotational speed needed to 
obtain its rated power meant that a step-up drive was required before it 
could be used with either of the three metre diameter rotors. 
To overcome the problems associated with using a gearbox. 
Southampton University were asked to design and build a low speed 
- i: permanent magnet al ternator . The specifications they were given 
were. a) to prpduce 4kW at 350 rpm. b) high efficiency and c) have loW 
'cogging t • The end plates and alternator shaft were designed by 
Cambridge University to be compatible with the rest of the system. 
A simple torque balance technique was used to determine the 
efficiency of the alternators. Each alternator 1n turn WaS suspended on 
bearings attached to each end of their drive shaft and then driven via a 
fleXible coupling from a lathe. Each phase of the alternator was loaded 
and the power output determined t the input power was· obtained from the 
rotational speed and the torque reaction of the al ternator frame. The 
measurements were repeated for a range of rotational speeds and loads. 
One such curve for. the Newton Derby alternator is shown in Figure 8.6. 
It was noted that the characteristics of the low speed alternator 
Were clearly affected by changes in load clirrent t and the armature 
reaction field changing the effective magnetisation. In particular it 
was noted that the output power was severel y limited at high currents. 
To improve this capaCitors were added in parallel with the resistive 
load to produce a leading power factor; the results (for one 
combination) are shown in Figure 8.7. For both generators it was 
* I am grateful to Dr K.Binns for deSigning and constructing this 
al ternator • 
Figure 8.6 Characteristics of the Newton-Derby permanent magnet 
alternator with a 57 il resistive load in series with each phase . 
Figure 8.7 Characteristics of the SOuthampton University permanent 
magnet alternator with a 18 n resistive load and 100f F capacitor in 
parallel with each phase . 
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noticed that uneven loading of the three phases produced considerable 
vibration. From Figures 8.6 and 8.7 it can be seen that the efficiency 
is fairly constant across most of the operating range and the power 
output 1s approximately a quadratic function of the rotational speed. 
As previously mentioned the Newton Derby alternator required a 
step-up drive, this waS accomplished in two stages using toothed belts, 
giving a 5.3:1 speed increase. The step up drive losses were 
approximated by 
=k P +Ofil Mc.sH Po. 
where k P is the power loss due to the bel t teeth meshing in the 
ilt£SH A 
gear .... teet·h and Qf n. is the power loss arising from friction losses. 
Qf was estimated from static tests. to be 1.5 Nm and k~UH to be 
approximately 0.04 after consultation With the manufacturers. 
8.4 Brake design 
The possibil ity that the electrical load might be lost made it 
necessary for a mechanical method of bringing the turbine rapidly to 
rest to be incorporated. 
For the two three metre diameter turbines this was based on a 
spring loaded drum brake positioned between the rotor and the step- up 
dri ve. This could be activated either manual! y or by an overspeed trip 
in the form of centrifugal flyweights. The main disadvantage of this 
method was that it required considerable force to reset the brake, which 
was done manually. For the six metre turbine the brake was based on a 
torque limiter . This is a protective device which limits the torque 
Figure 8.8 Schematic representation of the layout and operation of the 
six metre diameter turbine brake assembly. 
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transmitted in a drive system by slipping when the torque demand exceeds 
a preset value. A schematic layout of the brake is shown in Figure 8.8. 
The detent and link were made of nylon for resilience and low inertia. 
and both were on stainless steel pivots. Two flyweights and two detent 
springs were used for r eliability. In normal operation the brake disc 
was allowed to rotate with the torque limiter. when either the solenoid 
was switched off or a flyweight tripped the link the detent was 
released, stopping the brake disc. A constant torque then acted between 
the friction device and the brake disc. The brake was reset and held 
off by energising the solenoid. The torque setting of the limiter was 
set higher than the torque developed by the turbine at the rotational 
speed at which the centlfugal flyweights trip the link. Care was taken 
to consider that as the turbine decelerates the tip speed ratio 
decreaseS and the torque coefficient increases before the blade stalls. 
Thus the torque at which the flyweights trip the lin1< may not be the 
maximum. The rotational speed at which the centrifugal flyweights acted 
was adjusted by spinning the brake disc up in a lathe and viewing With a 
stroboscope. The drive shaft of the alternator was deSigned so that the 
brake could be placed on the opposite end to the rotor. 
8.5 Tower and yaw axis desig,!! 
For the two three metre diameter turbines the tower was designed 
to be extremely stiff .its first natural frequency being considerably 
higher than the blade rotational speed of either rotor. Its height was 
adjustable between 5-7 metres and the nacelle and rotor could be lowered 
to the top of the lattice section using a hoist. 
After hinging the roto!" blade it was observed that the periodic 
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loads transferred to the supporting structure were considerably reduced. 
It was therefore decided, for the six metre diameter turbine with hinged 
blades. that it was possible to use a tower which had its first natural 
frequency below the rotational frequency of the blade. The turbine was 
designed to operate at a constant tip speed ratio of ten, therefore the 
rotational speed was proportional to the wind speed. Integer multiples 
of the blade rotational frequency are shown plotted against the wind 
speed in Figure 8.9; also indicated is the operating range. 
The constraint imposed by the requirement that the first natural 
. 
f r equency of the tower should be less than the blade rotational 
frequency meant it should be of a tubular as opposed to a lattice work 
construction. To reduce the cost of the tower a gearch was made of 
commercially available steel mastS. A suitable range was fotmd to be 
made by Petitjean (UK), who offered a selection of tapered, octagonal 
cross-section steel masts of varying stiffness and height. Further 
constraints imposed upon the design were. a) its height should be at 
least 8 metres to reduce the effects of wind shear and turbulence 
associated with the proxi~ity of the ground, b) its compressive strength 
should be at least Several times the combined weight of the nacelle and 
rotor. c) the mast should not deflect Significantly due to the rotor 
thrust and its own wind loading and d) as the tower was to be pivoted at 
the base. to allow easy access to the nacelle and rotor. its bending 
strength should therefore be greater than the loads imposed by the the 
combined weight of the rotor and nacelle when lowered to the gr ound. 
The weight of the nacelle and rotor were estimated. This allowed 
the various loads together with the first and second natural frequencies 
of the tower to be determined. 
Figure 8.9 Integer multiples of the blade rotational frequency for the 
six metre diameter turbine operating at a tip speed ratio of ten. Also 
shown are the first and second natural frequencies of the tower. 
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A tower was selected which satisfied these design constraints. 
Its height was 9 metres and tapered (across the flats) from O.25m to 
O.12m. Its first and second natural frequenoies were calculated to be 
1.6Hz and 16.1Hz respectively. The first natural frequency was 
subsequentl y measured (after erection) to be 1. 3Hz. The difference 
between the theoretical and experimental value was attributed to the 
final top mass being higher than estimated. The theoretical val tieS for 
the first and second natural frequencies of the tower are shown in 
Figure 8.9. It can be seen that, over the operating range of thE! 
turbine, coupling between the tower and rotor was unlikely. 
The tower was pi voted at the base using a 2" diameter' mild steel 
bar located by bearings contained in the tower and supporting structure. 
A hoist was prov ided for raising and lowering of the tower. Plate 8. 11. 
For both towers a stub axle arrangement was used for the veer 
ax is . For the six metre diameter turbine its po si tion reI ati ve to the 
plane of blade rotation was adjustable. Initially the veer axis 
assembly for the two three metre diameter turbines contained sliprings 
to allow the power generated by the al terriator to be transferred across 
the rotating ax is. The resticted amount of space on the stub axle 
permitted the use of anI y two slipring s. A three phase rectifier was 
therefore used and the turbine controlled by progressively switching 
each phase in. This method of control approximated the cubic power vs. 
rotational speed characteristics by a series of quadratics. To remove 
the restictions imposed by this method a pan-cake type slip ring 
assembly was constructed by bonding a brass plate to a circular bakolite 
sheet and then removing circular strips to leave a multichannel slip 
ring. Brushes from a car dynamo were used to prov ide contact wi th the 
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brass. Using this sliprir'lg assembly the control methods discussed in 
the previous chapter could be implemented. However considerable 
problems arose due to the surface of the brass becoming oxidised and 
causing high impedance and occasionally intermittent contact. 
Analysis of the Cardington wind data revealed that over a seven 
year period the wind direction . never rotated by more than 560 degrees 
(from a given position) before rotating back. Therefore it was possible 
to replace the sliprings with a hanging cable of sufficient length to 
allow the nacelle to move freely through at least 760 degrees. This 
method t which has proved entirely successful. was used on the second 
three metre and the six metre diameter turbines. 
8.6 Starting systems 
As noted in Chapter 4 the starting torque of a high tip speed 
ratio Wind turbine is small. Under certain circumstances (due to high 
profile drag or friction in the drive train assembly) the turbine. even 
though it may start to rotate, will not accelerate up to its operating 
speed because the torque may actuall y become negati ve. However under 
certain conditions such as a sudden drop in wind speed shortly after it 
naS started to rotate (causing the tip speed ratio to increase and move 
it into a region producing more torque) the turbine may often pass 
through the negative region. In the case of the second three metre 
diameter turbine the friction torque in the two stage belt drive and the 
'cogging' in the alternator made it unlikely that it would even start to 
rotate. To facilate measurements on this turbine a car starter motor 
was used to spin the rotor up to 100 rpm. which was sufficient to move 
it through the region of negative torque. The motor was permanently 
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engaged via a flexible coupling to the first stage of the belt drive. 
It was found that after starting, the turbine would continue to produce 
power down to 3 mI s. The first three metre diameter turbine hav ing a 
tip speed ratio of six and a correspondingly larger torque over its 
complete operating range did not require starting. 
From expertence gained in operating the second three metre 
diameter turbine it became apparent that, for a high tip speed ratio 
turbine. a starting system was essential, especially in low wind speed 
areas. The amount of energy expended in starting the turbine was easily 
recouped after a few minutes operation. For this reason a starting 
system was incorporated in the design of the six metre diameter turbine 
even though the low I cogging t alternator was to be driven directl y. A 
technique was developed which did not require a separate starting motor. 
The permanent magnet al ternator was made to behave 1 ike a stepping 
. 
motor with the phases being pulsed sequentially at a rate dependent on 
the Shaft speed of the al ternatoi" • The angular position at which the 
pulses were applied relative to the pole pieces was determined USing an 
optical encOder located on the shaft between the brake and the 
generator. USing this method it was possible to spin the the turbine up 
to 40 rpm t at Which point the torque being generated by the rotor was 
sufficient to accelerate it up to its operating point. At 40 rpm and 
above the starting system was automatically disconnected by a contact 
breaker to prevent damage being caused by the large vol tages 
subsequently produced by the alternator. 
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Chapter 9 
Interpretation and anal ys is of field test data 
9.1 Introduction 
This chapter presents field test data obtained from the three 
turbines described in Chapter 8 and compares it with the theoretically 
predicted performance. 
The chapter is divided into three separate but related sections. 
The first is concerned with the siting of anemometer with respect to the 
turbine. In order that the power vs . wind speed relation or the 
performance characteristics (C p vS )w) can be determined it is necessary 
to make an accurate measurement of the wind velocity at the turbine is 
made. Three sources of error in this measurement are discussed and a 
number of techniques for minimising them are suggested. In the final 
two sections these techniques are used firstly. to determine the power 
output vs. wind speed relationship of the six metre diameter turbine and 
secondly, to determine the performance characteristics of the same 
turbine and of the two three metre diameter turbines. 
9.2 Wind velocit y measurement 
Three sources of error arise when using an anemometer to determine 
the wind velocity: 
a) Physical separation Due to natural fluctuations in the wind the 
instantaneous velocity at the two locations may not be the same even 
though under some circumstances the mean velocity and standard deviation 
are the same . 
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b) Spatial averaging A single anemometer measures the wind velocity at a 
point in space whereas a turbines averages the veleci ty Over its swept 
area. 
c) Flow modification The physical presence of the turbine will modify 
the air flow. causing in some places a decrease in the wind speed and in 
others an increase. 
The error introduced due to the physical separation of the 
anemometer and wind turbine depends on whether the separation is 
longitudinal, vertical or lateral. The mean veloci ty measured at two 
locations separated either longitudinally or laterally will in general 
be the same, whereas for vertical separations this will not be true due 
to the presence of wind shear. It may be possible to correct for wind 
shear if the functional relationship between wind speed and height is 
known . 
A measure of the correlation of the longtudinal velocity 
fluctuations at two locations is the cross-correlation coefficient 
where v, v t and IT. ,a;' are the veloci ties and standard deviations 
respectively, measured at twe pOints separated both spatially( E,) and 
temperall y( 'T ) • 
If the two locations are coincident then the correlation 
coefficient for zero time lag ("t =0) will be unity. but in general 
I 
R II /0'1 cr; for non-zero val ues of ~ and "t will al ways be less than unity . 
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For lateral separations, the peak of the correlation coefficient 
occur at zero time lag. whereas for vertical and longitudinal 
separations it will be displaced. For vertical separations the peak 
will be displaced by an amount depending on the wind shear gradient, 
wind speed and the separation. For a longitudinal separation the peak 
will be displaced by an amount which can be determined from Taylor's 
hypothesis (Chapter 6). The peak value of the correlation coefficient 
for longitudinal separations will be greater than those corresponding to 
vertical and lateral separations due to high frequency components (small 
eddies) perSisting in the direction of the mean flow. Presented in 
Figure 9.1 is the cross-correlation coefficient for anemometers 
separated both laterally and longitudinally. The coefficients were 
derived from data averaged every second over 20 minutes, i.e. 1200 
samples. For the longitudinally separated anemometers the results 
indicate that the peak of the cross-correlation coefficient occurs at a 
time lag of approximately one second. in agreement with Taylor's 
hypothesis, It is also apparent that the maximum value of the 
coefficient for a longitudinal separation is 25~ higher than that for a 
lateral separation. As the time lag increases the cross-correlation 
coefficients for the longitudinal and lateral separations become 
similar, indicating that the size of the eddies associated with the low 
frequency components is larger than the separation between the 
anemometers. 
The variance of the difference in the velocities at the two 
locations can be derived as-
Figure 9.1 Example of the measured cross-correlation coefficient of 
wind velocity fluctuations for longitudinal and lateral separations. 
0 
0 
0 0 
0 
0 0 0 
typical error I 
10 -8 -6 -4 
~ 
typical error I 
-10 -8 -6 -4 
~,(6·6m, 0,0, t) Ia, cr,' 
1-0 
0 10['19 itudi nal 
0·8 
0 
0 0 
0 0 
0-6 0 
0 0 
0 
a-/. 
V =6·9 m/s 
0'2 ---+ 
-2 0 
TIME LAG (S ) 
R,,( 0,7' Om, 0, t)1 ~a1' 
~ 
-2 
'-0 
0-8 
~ 
0-6 
0·4 
0'2 
A A 
a 2 
0 
• 6'6m 
.. 
lateral 
6 8 
............  _. --· --·· -TIM~ LAG IS) ------i .. ~
0 0 
D 
.. 
10 
Ch.9 
2 07, 
160 
For lateral and longitudinal separations it can be assumed that 
'& /1 1. 
(f • (]' "c:r • therefore we obtain 
, I v 
The maximum value of the cross .... correlation coefficient is 0.92, giving 
from equation (9.1), ~I I~ :0.4. the corresponding value for a lateral 
separation is 0.75. For a turbulence intensity of 15~ (rural. 
Counihan 1975). the r.m.s. difference of the velocities measured at the 
longitudinally and laterally separated anemometers are 61 and 1 a of 
the mean velocity respectively. 
It is important when determining the power coefficient vs. tip 
speed ratio .chat~cteristics that an accurate measurement of the 
instantaneous wind . velocity at the turbine is available, i.e. a high 
correlation coefficient. The correlation coefficient can be increased 
by averaging .the instantaneous output. This has the effect of reducing 
the high frequency uncorrelated components of the wind velocity 
fluctuations. The effect of averaging on the cross-correlation 
• 
coefficient at zero time lag is shown in Figure 9.2. For both 
separations a significant increase in the coefficient can be seen to 
occur for relatively short averaging periods. A certain amount of 
averaging of the wind velocity fluctuations is acceptable as this 
reduces the second source of error; namely that a single anemometer 
Figure 9.2 The effect of averaging time on the zero time lag 
cross-correlation coefficient. 
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measures the wind velocity fluctuations at a single point. A turbine 
averages the velocity over its swept area. In Chapter 5 this effect waS 
discussed and a model was proposed for its estimation. From this 
analysis an estimate can be made of the amount of averaging necessary to 
relate the velocity fluctuations measured by a single anemometer to 
those ex perienced by the turbine. It follows from Chapter 5 that the 
averaging time necessary is directly proportional to the diameter of the 
turbine and inversely proportional to the wind speed. A 1.5 second 
averaging gives approximately the effective wind speed seen by a rotor 
of diameter six metres in a mean wind speed of 5 mls. 
The third source of possible error is caused by the turbine 
modifying the flow in its immediate vicinity. A simple method of 
estimating these errors is to treat the turbine as a solid disc (thrust 
coefficient 1.23. Mironer 1979) and to determine the potential flow and 
hence the velocity field. This method will overestimate the error as 
the thrust coeffiCient of a turbine operating near its peak efficiency 
(Chapter 2) is less than unity, Another solution, developed in 
Chapter 3, is to determine the velocity field due to a Semi-infinite 
number of expanding coaxial vortex rings. This method, like the 
previous one, is not valid for regions wi thin the wake of the turbine 
as it depends on the assumption that the air can be treated as inviscid. 
This is a valid approximation for regions upwind of the turbine, where 
the velocity gradients are small; however, in the wake, large velocity 
gradients will exist at the boundary of the slipstream, causing viscous 
mix ins to take place. The experimental work of Buil tjes and 
Milborrow (1980) indicates that the velocity deficit within the wake is 
dependent on the incident turbulence intensity and it is likel y that as 
far downstream as 10 rotor diameters, the wake centre-line velocity 
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defici t will still be appro x imately 10$ of the free-stream velocity. 
Due to viscous mixing, as shown by Vermuelen (1978), the wake will take 
on a Gaussian velocity profile so that the slipstream boundary becomes 
difficult to lOcate. Consequently. measurement of the wind velocity 
within the wake of the turbine is open to large errors and is obviously 
an undesirable location for taking data for performance measurements. 
Figure 9.3 shows an isovent contour map. from the method of ring 
vortices. for a turbine operating at a tip speed ratio of 10 with a 
thrust coefficient 0. 85. The incident wind velocity profile was assumed 
to be uniform. The contour map shows that the centre-line velocity 
deficit 1 rotor-diameter up-stream of the rotor is approximately 4.5% of 
the free-stream. Moving half a rotor diameter off-axis reduces this 
velocity deficit to 4.0%. 
From measurements made on the six metre diameter turbine operating 
at tip speed ratio of approximately ten it was possible to estimate the 
veloc1 ty deficit up-stream of the rotor at two locations. The first 
1. aR (R=radius) up-stream and O.8R off-axis. and the second 3R up-stream 
and on ... ax is . 
Shown in Figure 9.4 is a plot of sixty second averages of the wind 
velocity measured at the first location against the free-stream velocity 
measured at a location 5R off -ax is in the plane of the rotor. From an 
orthogonal regression analysis the gradient of the line was evaluated to 
be O.96tO.01 giving a velocity deficit ofz4$. The scatter about the 
regression line indicates that the correlation coefficient was less than 
unity (0.91). This was caused by a) fluctuations in wind direction, b) 
variations in the thrust coefficient and c) the lateral separation of 
the two anemometers. For the second location a similar analysis 
Figure 9.3 Regions of possible reduction in the incident wind velocity 
due to semi-infinite number of expanding coaxial ring vortices 
representing a wind turbine with a thrust coefficient of 0.85 operating 
at tip speed ratio of ten. Only half the rotor is shown. 
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Figure 9.4 Plot of sixty second averages of the wind velocity measured 
at a location 1.8R (R=radius) up-stream and O.8R off-axis against the 
free stream velocity for the six metre diameter turbine. 
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revealed that the grad ient was 0.98! 0.01 giving a veloci ty defici t of 
2%. The correlation coefficient was measured to be 0.81. For both 
locations the experiment was repeated with the turbine stationary in 
order to check for any systematic errors. It was found for both 
locations that these errors were small compared with those associated 
with the determination of the velocity deficit itself. Close agreement 
was found to exist between the experimental results and the theory, 
Figure 9.3. 
At first sight it would appear t~at siting an anemometer up-stream 
6f the turbine and correcting its 1eading according to a reference 
anemometer would give an accurate m~asurement of the incident wind 
veloci ty. HOwever this assumes that la) the thrust coefficient of the 
rotor and b) the wind direction do not vary during the period of 
measurements. It was therefore necessary to examine these assumptions 
before this method could be adopted. From Figure 9.3 it can be seen 
that for an anemometer situated 2R up-stream and initially on axis, a 
20 ci change in the wind direction will cause the velocity deficit to 
- I _ 
change by less than 0.5%. This indicates that fluctuations in wind 
direction are unlikely to pose a probllm in this respect. However. they 
will reduce the the correlation betwel n the measured and wind velocity 
and that experienced by the turbine due to a lateral separation being 
iotrod uced . 
From Chapter 2 (Figure 2.11) it can be seen that the thrust 
coefficient of a turbine designed to oberate at a tip speed ratio of 10 
is approximately a linear function of ihe tip speed ratio. In Chapter 3 
a Simple relationship was developed bJ tween the thrust coefficient and 
I 
I 
the blade bound circulation and, in the case of a uniform circulation 
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distribution, of the vorticity associated with a vortex ring. Assuming 
a non-expanding wake it can be shown (Biot-Savart law) that the velocity 
deficit at a given location is directly proportional to tne circulation 
and hence the thrust coefficient. Thus a fractional change in the tip 
speed ratio will cause an equal fractional change in the velocity 
defici t. Consequently fluctuations in tip speed ratio over the period 
of measurement wh"ich cause a change in the velocity deficit of leSs than 
that associated with the error in determining the correction factor will 
be acceptable. In the case of the six metr e t urbine this will 
correspond to a fractional change in the tip speed ratio of 25S when 
measuring the wind speed 2R up-stream of the rotor. For turbines which 
are not controlled to operate at a constant tip speed ratio it would be 
necessary to determine the correction factor over a shorter period. 
9.3 Concluding remarks re wind velocity meaSurement 
From this discussion on the siting of an anemometer with respect 
to the turbine a number of conclusions can be drawn: 
a) To obtain meaningful results the anemometer should not be placed in 
the wake of the turbine unless measurements are explicitly required 
for this region. 
b) For an estiItlate of the instantaneous incident velocity field the 
anemometer should be Situated up-stream of the rotor and the 
relevant correction factors applied. These will inc1 ude i) I time 
of flight I to maximise the correlation coefficient. ii) filtering 
to model the spatial averaging of the rotor blades and iii) the 
measurement of the free stream velocity to take into account 
interference effects . 
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c) If instantaneous values of the wind speed are not requ1red the 
measurements should be filtered to increase the correlation 
especiall y when there is a lateral separation between the 
anemometer and the wind turbine. 
d) If only one anemometer is available then the method of ring 
vortices can be used to determine the correction factor or the best 
siting to minimise interference effects . 
9.4 Power vs. wind speed 
In this section the aerodynamic power output VB. wind speed 
relationship of the six metre diameter turbine is determined from 
experimental results. 
Shown in Figure 9.5 1s a typical plot of the wind speed, rotor r.~ 
and the electrical output power for the six metre diameter turbine. The 
power output, as measured by tne data recording system (Chapter 7), was 
corrected to include electrical and mechanical losses and the angular 
acceleration of the rotor. Thus the instantaneous aerodynamic power 
output of the rotor at time, t is 
where n 
p "'" :& Po rr'j Tnt 1 (nt:+O~- fit.-AJ 
2~t 
is the angular velocity, ~ the overall efficiency 
(mechanical and electrical), Po the electrical power output, and 6 t the 
sampling interval. The inertia. I, of the rotOr and generator was 
2 
determined using a torsional pendulum to be 26*0.01 kgm . 
The method of tbins' developed by Akins (1978) is used. This is a 
Figure 9.5 Typical plot of wind speed t rotational speed and electrical 
power output for the six metre diameter turbine. 
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straightforward technique in which the sampled power output (after being 
corrected according to equation 9.3) is assigned to a particular bin 
which is determined by the instantaneous wind speed. A counter 
associated with that bin is also incremented. At the end of a 
particular set of measurements the average power • PA (V 6)' within each 
bin is evaluated. 
Shown in Figure 9.6 are the results of using this form of analysis 
on the six metre diameter rotor when controlled to operate approximately 
at a tip speed ratio of ten. The power output. rotational speed and 
wind speed were sampled and averaged every second and assigned to 
veloci t y bins of wid th 0.2 mJ s. The wind veloci t y was measured at a 
location 1.3R up-stream and was corrected according to a reference 
anemometer before being binned. The total length of the data record was 
3600 samples (1 hour); the mean wind speed and power output over the 
period were 5.6 mls and 1.22kW respectively. and the turbulence 
intensity was 23%. To investigate the effects of reducing the 
cOrrelation between the measured wind velocity and that experienced by 
the turbine the anal ysis was repeated wi th an anemometer situated 4R 
up-stream and 5R off-axis. The results are also shown plotted in 
Figure 9.6. For both sets of data typical errors are shown indicating 
the spread of power measurements wi thin each bin. The scatter can be 
attributed to the cOrrelation coefficient being less than unity and the 
turbine being unable to respond to fast fluctuationS in both wind 
direction and velocity. It can be seen that a reduction in the 
correlation coefficient causes the scatter within each bin to increase, 
the power at low wind speed s to be overestimated, and the power for 
higher wind speed s to underestimated. This dependence of the binned 
data on the correlation has been noted by other authors (e.g. Akins 
Figure 9.6 Power output and power coefficient for the six metre 
diameter turbine as a function of the binned wind velocity. 
0-4 
t 
0-3 
3 
• 
A 
I 2 
-:3 
~ 
0.« 
1 
0 ~ :;; 
• • 
-
• 
... -
. --
. -
• 
• • 
{ 1·3R up-streQm~ 
on-axis 
{ 4R up-s tream l SR off - axis 
-1. 
• _ 6. 
/l. 
/l. 
!! 
• I ~A/l. A. A-
A 6. 
6 ~. I ll. • 
-
• 
4 5 6 7 
VB (m/s) -
.-
--. 
•• 
• /}" 
A 
.6. 
*6. 
6. 
typical 
errors 
8 
167 
Ch.9 
1979; Lundsager . Frandsen and Christensen 1980). It is possible to gain 
some insight into this dependence if a number of aSsumptions are made 
regarding the statistical.nature of the velocity fluctuations. Firstly, 
it will be assumed that the wind velocity V experienced by the turbine 
is normally distributed about V (the mean wind speed for a particular 
set of measurements) with a standard deviation cry Second! y, the 
measured wind velocity VM at a location other than that coincident with 
the turbine is normally distributed about V with a standard deviation 
~~Vf given by equation (9.1), i.e. the root mean square of the 
difference in the wind velocity fluctuations as measured and that 
experienced by the tUrbine. Therefore the probability of a power 
measurement PII~ due to an actual wind velocity. V occuring at the 
turbine being associated with a velocity, V~ is 
p. (V,) :J- p~ (V,; V) P. (V-VldV (9·3) 
Where 
e 
and 
-(V-Vr-/2 <1: 
e 
To determine the average power associated with a particular velocity. VM 
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it will be assumed that there is a linear relationship between the 
aerod ynamlc power output PAt and V, such that 
(q . It) 
Thus the average power associated with a particular bin, VM of 
infinitesimal width is from equations (9.3) and (9.4) 
QO P(V.l:f ~ V ~ (V. -V) P. (V-ill d V 
~(V,) 
The lower limit of the integrals can be extended to -infinity when 
~v «V. thus under these conditions 
1 (l'~ , .) 
(j II + cr I'\v 
(q ·5) 
2 
From this equation it can be seen that when a;..v fO the slope of the 
measured power CUrve is <k and that a permanent off-set will exist at 
~ 2 
VjW\, :0. As ~II tends to zero and o-v remains constant the measured power 
curve will become coincident with the theoretical relationship, 
equation (9.4). With reference to Figure 9.6 this can be seen to be the 
case, i.e. reducing 0;.1 (increasing the correlation) increases the slope 
11\" 
of the measured data. As cr~ becomes large (uniform distribution) 
equation (9.5) will tend to equation (9.4). 
By equating equations (9.4) and (9.5) it can be shown that the 
point of intersection occurs at Vjf\ =V. This obviously will not 
neceSsaril y be true for any non-linear relationship between the power 
output and the wind speed. 
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The question at this point can be raised as to the effect of 
aver aging the data for short periods of time (increasing the 
correlation) on the power output vs wind speed relationship. For a 
linear relationship it will not introduce any additional effects beside 
increasing the slope and red ucing the scatter wi thin each bin. For a 
cubic relationship, or 1n general any non-linear relationship which haS 
a non-zero second derivative, the pOwer output associated with a given 
bin will be biased upward s . The amount it will be biased will depend 
on, a) the averaging time, b) the turbulence intensity and c) the 
magni tude of the second deri vati ve of the power output with respect to 
the wind speed. 
Assuming the velocity fluctuations are normally distributed during 
the period of averaging, then for a cubic relationship the power output 
,2 
will be overestimated by the fractional amount (1+3"1,) ). The turbulence 
intensity ~ , is a function of the averaging time and also the spectral 
distribution of the velocity fluctuations (e.g. Ogura 1957, 
Pasquill 1962). For averaging times of less than 10 second s it is 
unlikel y that this factor will be significant; however averaging Will 
increase the correlation and hence the slope of the measured power 
output VB. wind speed characteristics. 
In its original conception the six metre diameter turbine was 
designed to operate at a constant tip speed ratio of ten corresponding 
to its peak efficiency. Under steady-state wind conditions the 
aerodynamic power output will therefore be a CUbic function of the wind 
speed. However due t o inertial effects (Chapter 5) the actual 
aerodynamic efficiency will be slightly less than that predicted by 
steady state aerodynamic theory although a cubic relationship will still 
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exist. An indication of the ability of the turbine to maintain a 
constant tip speed ratio and aerodynamic efficiency is given by plotting 
the following 
The air density. being determined from the following relationship 
(Kaye and Laby 1973) 
where 
.P ~ \-293 Po 
101' 325 (I + 0'0367 Ii) 
1 J>= free-stream air density (kg/m ) 
p= atmospheric pressure (KPa) 
• 
t: air temperature (oC) 
Both p .. and t were recorded at the end of the period of measurements. 
Corrections for humidity were not made. 
From Figure 9.6 it can be seen that aerodynamic efficiency is not 
constant. but increases rapidly at first and then decreases slowly as 
the wind speed increases. This indicates that the tip speed ratio does 
not re~ain constant. Indeed, a plot of 60 second averages of the tip 
speed ratio (Figure 9.7) shows that this is the case, i.e. the tip speed 
ratio increaSes wi th the wind speed. This was ex pee ted as the power 
generated by the turbine when operating at its optimum tip speed ratio 
exceeded that which could be absorbed by the generator. At low wind 
speeds i.e. 4-5 mls it can be seen (Figure 9.7) that the tip speed ratio 
Figure 9.7 Plot of sixty second averages of the tip speed ratio and 
wind velocity for the six metre diameter turbine. 
Figure 9.8 Plot of sixty second averages of the tip speed ratio and 
wind velocity for the three metre diameter turbine (designed max imum 
efficiency at a tip speed ratio of ten) . 
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of the turbine remains between 9.5 and 10.25 with a few exceptions. For 
comparison. similar results obtained from the 3 metre diameter rotor 
designed to operate at a constant tip speed ratio of ten are presented 
in Figure 9.8. These results indicate that over a wide range of wind 
speeds it was possible to maintain a constant tip speed ratio to within 
!2J. 
9.5 Power coefficient vs. tip s peed ratio 
In this section the power coefficient (Cp ) vs. tip speed ratio 
(IL) characteristics of the three rotors is determined from experimental 
results in order that a comparison can be made with the theoretical 
characteristics (Chapter 8). 
A number of methods have been suggested (Akins 1978: Sharpe 1977; 
Taylor, Turner & Fordham 1981). The method suggested by Akins (1978) is 
a simple extension of the previously discussed metnod of 'bins'. It has 
been successfully applied (Worstell 1979) to determine the power 
coefficient 1/S. tip speed ratio for a two-bladed Darrieus vertical axis 
wind turbine operating at a constant rotational speed. The advantages 
of constraining the turbine to operate at a constant rotational speed 
are two-fold. The first is that the shaft power need not be corrected 
to take into account angular acceleration and the second is that a range 
of tip speed ratios will automatically be scanned due to the natural 
fluctuations in the wind speed. 
Another method of binning has been suggested by Taylor 
et ~. (1981). In their approach the performance parameters were binned 
according to the apparent instantaneous tip speed ratio. As will be 
shown this method is open to large errors when the turbine is controlled 
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accurately to oper ate at a constant tip speed ratio. 
An alternative power measurement technique has been used by 
Sharpe (1977) to measure the performance characteristics of a small 
(O.595m diameter) Oarrieus vertical-axis wind turbine in a wind tunnel. 
Instead of attempting to match the load to the turbine power output, at 
a particular wind speed t Sharpe allowed his rotor to spin up from rest 
unloaded, except by its own inertia. The power output of the turbine 
was completel y absorbed in accelerating the rotor. Measurement of the 
angular acceleration as a function of time allowed Sharpe to determine 
completely the Cp 1/5. A curve. Sharpe found close agreement between 
theory and experimental results obtained by other methods. It should be 
noted that not only does this method avoid the problems of matching the 
turbine output to the load but it also gives the complete 
characteristics in one shOrt test. Musgrove and Mays (1978) extended 
this method to open-air tests and noted that this technique is very 
susceptible to large err OrS due to fluctuations in the wind velocity 
which are not correlated between the anemometer and the turbine. 
Un fortunatel y. due to limi tatiofis imposed by the oata record ing system 
this technique could not be used. however it is the subject of a series 
of exhaustive tests which are being carried out in the British Aerospace 
Wind-tunnel at Filton, Bristol; see Appendix B. 
In an ideal situation a number of anemometers could be placed over 
the swept area of the turbine resulting in a direct measurement of the 
airflow through the rotor with very little error. Of course proximity 
effects would have to be taken into account using a reference 
anemometer. This method is somewhat unrealistic as the number of 
anemometers would have to be large and they would have to tollow the 
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wind with the turbine. Another approa7h would be to use a single 
anemometer the size of the turbine, in fact another turbine operating at 
a constant tip speed ratio. Taking this arguement one stage further it 
can be seen that it would be possible to use the turbine under test to 
measure the wind speed if it was accurately controlled to operate at a 
constant tip speed ratio. 
In the following sections the results of using the various 
techniques are presented and contrasted. 
9.4.1 Method of bins 
a) Velocity 
The limitations imposed by the turbine control system (Chapter 7) 
prohibited operation at a constant rotational speed with any degree of 
accuracy; therefore the method of 'bins' in its original form as 
proposed by Akins (1918) could not be used. 
It is possible to extend this method to turbines which are not 
rigidly controlled to operate at a constant tip speed ratio (e.g. six 
metre diameter turbine, Chapter 8) by accumulating not only the 
aerod ynamic power (equation 9.3), but a1 so the rotational speed in bins 
determined by the wind velocity. After this procedure is completed the 
mean power and rotational speed associated with each bin is determined 
and the power coefficient is calculated according to equations (9.6) and 
(9.7) and the tip speed ratio as 
A-
S 
!t n R 
8 .. 
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where !ls is the average angular velocity associated with the bin. Vs' 
Even assuming perfect correlation between the wind speed meaSured 
by the anemOMeter and that experienced by the turbine it is apparent 
that a unique relationship between the bin velocity and the tip speed 
ratio will not exist for those velocity fluctuations to which the 
turbine can only partially respond. BefOre this method could be used it 
was therefore necessary to filter the data to remove high frequency 
components. However the validity of this procedure can be questioned on 
two grounds. First, it will give an average power coefficient for the 
range of tip speed ratios corresponding to those Which have been removed 
during fil tering . In most cases this will cause the power coefficient 
to be underestimated. especially when operating near the peak 
efficiency. Secondly, the measured power is now referred not to the 
total power in the wind passing through the swept area at any given 
instant but to that associated with the cube of the mean velocity after 
f11 tering. This, as discussed in the previous section, will cause the 
power coefficient to be overestimated. For small wind turbines the 
amount of filtering needed is. minimal and therefore the errors 
introduced are Small compared with those associated with the correlation 
coefficient being less than unity. 
This technique was used to determine the power coefficient vs. tip 
speed ratio of the six metre diameter turbine. Figure 9.9 presents the 
results of this analysiS corresponding to the data presented in 
Figures 9.6 and 9.7, together With the theoretical curve from Chapter 8. 
The data were low--pass filtered using a running mean of length 10 
seconds prior to binning. It can be seen that close agreement exists 
between theory and experiment over the range for which data were 
Figure 9.9 Comparison of theory (solid line) and experimental points 
(dots) de~ived by the method of tbins' based of the velocity for the six 
metre diameter tur bine. 
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available. A possible explanation for the experimentally derived points 
crossing the theoretical curve is that the correlation coefficient of 
the wind velocity fluctuations as measured by the anemometer and those 
ex perienced by the turbine was less than unity. This. as discussed in 
the previous section, will cause the power output at higher wind speeds 
to be underestimated and, conversely, at low wind speeds to be 
overestimated. With reference to Figure 9.7 it can be seen that high 
wind speeds correspond to a higher tip speed ratio. Therefore it would 
be expected that the experimental power coefficient would be 
underestimated at h~gher tip speed ratio and overestimated at lower tip 
speed ratios. Operation at tip speed ratio less than nine was not 
possible because the power generated by the turbine could not be 
absorbed by the generator. 
In the original method of 'bins' developed by Akins (1978) it was 
possible to combine records from operating at different mean wind speeds 
by adding the binned data t.ogether and forming a weighted average. 
However in the case of a turbine operating at a 'constant tip speed 
ratio' this technique is not possible as a given tbin' will not 
correspond to the same tip speed ratio for every record. To combine 
records frOm operation at different tip speed ratiOS a two-stage process 
was developed. First. the data for each record were binned separately 
and the power coefficients and tip speed ratios were determined. In the 
second stage each power coefficient was weighted according to the number 
of samples in the original velocity bin and then formed into another 
binned data . set, using the tip speed ratio as the binning parameter. 
The average pOWer coefficient was then computed for each bin. 
For the three metre diameter turbine , designed to have a peak 
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efficiency at a tip speed ratio of ten t it was possible to control the 
turbine to operate at any tip speed ratio in the range 6-13. For this 
method of anal ysis it was desirable that the turbine was not rigidly 
controlled to operate at a constant tip speed ratio as this allowed a 
range to be automatically scanned. This was achei ved by connecting a 
fixed resistive load across each phase of the generator output. By 
altering the load resistance it was possible to investigate a different 
portion of the power coefficient vs. tip speed ratio characteristics. 
The results of combining ten separate data sets are ShOWri in 
Figure 9.10. Also shown is the theoretical prediction from Chapter 8. 
Each data set was formed by a) low-pass filtering the original data with 
a 5 second moving average, b) correcting the measured wind speed 
according to a reference anemometer, c) binning accord ing to the wind 
speed, d) determining the power coefficient and tip speed ratio fo~ each 
bin, e) re-binning accord ing to the tip speed ratio. and finall y. f) 
forming a weighted average over all the data sets. From Figure 9.10 it 
can be observed that close agreement exists between the predicted and 
experimental data. The discrepancies may be accounted for by 
inaccuracies in the reproduction of the NACA 4412 profile. This would 
undoubtably lead to the profile' drag being underestimated. To 
investigate this, the profile drag data used in the numerical anal ysis 
was adjusted until the peak of the predicted coincided with that 
observed experimentally. It was found from this analysis that the 
discrepancy in the maximum power coefficient could be accounted for by a 
drag coefficient which had been underestimated by approximately 20%, 
Figure 9.10 Comparison of theory (solid line) with experimental points 
(dots) derived by the methOd of 'bins' based on velocity for the three 
metre diameter turbine (designed maximum efficiency at a tip speed ratio 
of ten). 
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consistent with the manufacturing tolerance of the blades. 
b) Tip speed ratio 
The method developed by Taylor ~ sl. (1981) relies on averaging 
all the instantaneous power coefficient values corresponding to the 
measured tip speed ratio lying within a specified bin. 
The instantaneous power coefficient t Cpl. and the tip speed 
ratio. 
and 
A. are defined as 
" 
A.. :: .D. R 
" It V~ 
where P II~ is given by equation (9.2), ..P 
instantaneous angular velocity and Vi. 
by equation (9.7), fl. is the 
" 
the instantaneo.us wind velocity 
after being corrected for proximity effects, 'time of flight' and 
spatial averaging. The results of using this method of analysis on 
measurements made on the six metre diameter turbine are Shown in 
Figure 9.11. Also shown for comparison is the theoretical prediction. 
The data are the same as those used in Figure 9.6. that is, 3600 samples 
each averaged over 1 second. The standard error and number of samples 
for each bin is shown in Figure 9. 12. It is clear that the 
experimentally derived power coefficients do not agree with the theory. 
At tip speed ratios less than eleven it 1s underestimated and above 
eleven overestimated. This can be explained if a number of assumptions 
Figure 9.11 Comparison of theory (solid line) with experimental points 
(symbols) derived by the method of 'bins' based on tip speed ratio for 
the six metre diameter turbine. The effect of smoothing the data priOr 
to binning is also shown. 

Figure 9.12 Standard error and number of samples per bin corresponding 
to the data presented in Figure 9. 11 . 
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are made regarding the statistical nature of the instantaneously 
measured tip speed ratio. Firstly. it will be assumed that the actual 
tip speed ratio of the turbine. A.. is normally distributed about Iv 
(the mean tip speed ratio for a particular set of measurements) with a 
standard deviation of 0",. Secondl y. the measured tip speed 
ratio. A, (which will not in general be the same as A 
'" 
due to the 
measured velocity being different from that experienced by turbine) is 
normally distributed about A. with a standard deviation, (j",A, given 
approximately by 
(<\ -10) 
where CT",v is given by equation (9. 1) . 
Therefore. the probabil i ty of the an instantaneous power 
coefficient, Cp; at an actual tip speed ratio of )l 
wi th a measured tip speed ratio of i\.", is 
where 
and 
being associated 
(q·U) 
Figure 9.13 The effect of correlation between the measured wind speed 
and that experienced by the turbine on the measured performance. C>}. =1. 
5... = 1 O. V = 10m Is . 
Figure 9.14 The effect of correlation between the measured wind speed 
and that experienced by the turbine on the measured performance. 0"',. =2 t 
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(q.13) 
The instantaneous power coefficient, cp' can be related to the actual 
power coefficient through the relationship 
Thus the average power coefficient of a bin AM of infinitestimal 
width from equations (9.11),(9.12),(9.13) and (9.14) is 
C (A) = Je (AHA /A)3 p.. (A .. A) F! (A - ~J d A 
p~ M P ~ ~" ~ 
o 
(q .15) 
This integral has been numerically evaluated for a range of <J/I\l, and 
o-a using the theoretically predicted C,,( A) characteristics of the 
six metre diameter turbine. The results are presented in Figures 9. 13 
and 9.14 as a fraction of the theoretical power coefficient. From these 
two figures it can be seen that the method of bins, based on the tip 
speed ratio, will overestimate the power cofficient at high tip speed 
ratio and underestimate at low tip speed ratio, as experimentally 
observed. Increasing either the range over which the turbine operates 
or the correlation coefficient (reducing Ci~~ ) reduces the error. This 
effect was observed experimentally by low pass filtering the data with a 
moving average prior to binning; Figures 9 . 11 and 9.12. This had the 
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effect of increasing the correlation between the measured and actual tip 
speed ratios. 
The variance of the probability distribution of the 
measured tip speed ratio (equation 9.11) can be determined from 
Figure 9. 12. From two anemometers, in an equivalent spatial 
configuration to that of the measuring anemomet~r and the turbine, the 
standard deviation (~l.) can be calculated from equation (g.10). 
Assuming that the theoretical performance characteristics given in 
Figure 9.11 are accurate the experimental data (Figure 9.11) can be 
corrected from curves similar to those presented in Figures g. 13 and 
9.14 (note the magnitude of the assumed performance character istics are 
unimportant only the shape is required). The corrected experimental 
performance characteristics are shown in Figure 9.15. Reasonable 
agreement is now seen to exist between the theoretical prediction and 
the experimental data. 
Figure 9.16 shows the effect of combining several data sets (i.e. 
:2 
increasing ~~ ), each for a different range of tip speed ratios, for the 
3 metre diameter turbine (designed maximum efficiency at a tip speed 
ratio of ten). 
c) A large anemometer 
A turbine which is at a controlled to operate accurately constant 
tip speed ratio is in effect a large anemometer. its rotational speed 
being directly proportional to the effective wind speed . Therefore if 
the tip speed ratio is known t an accurate measurement of the wind 
velocity incident on the turbine. and of the power coefficient is 
possible. From equations (9.3) and (9.8) we obtain 
Figure 9.15 Conparison Of theory (solid line) with corrected 
experiment-al points (symbols) derived by the method of 'bins' based on 
tip speed ratio for the six metre diameter turbine. The effect of 
smoothing the data prior to binning is also shown. 

Figure 9.16 Comparison of theory (solid line) With experimental poi.nts 
(dots) derived by the method of I bins' based on tip speed ratio for the 
three metre turbine (designed maximum efficiency at a tip speed ratio of 
ten) . 
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whet'e fL. is the angular acceleration. 
~ 
The first ter m in the numerator 
corresponds to the steady-state component and the second term to the 
dynamio component. From using the method of control based soley on the 
rotational speed (method 2, Chapter 7) a cubic relationship will exist 
betWeen the stead y-state power output and the rotational speed. Thus. 
from equation (9.16) 
c. 
p~ 
k 3 :: A~ + 
where k is a constant such that 
k 
I IlL O~ 
! p1\ rtv; 
The second term on the right hand side of equation (9.17) represents an 
error and can be minimised by ei ther red ucing the rotor inerti a or by 
• 
only taking measurements when IJ.. is Small. Under these circumstances 
~ 
equation (9.17) can be written as 
where ~ is the mean tip speed ratio of the accepted measurements. The 
reBul ts of using this method are shown in Figures 9. 17 and 9 . 18 for the 
Figure 9.17 Comparison of theory (solid line) with experimental points 
(dots) derived by the method 'a large anemometer' for the three metre 
diameter turbine (designed maximum efficiency at a tip speed ratio of 
ten) . 
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Figure 9.18 Comparison of' theory (solid line) with experimental points 
(dots) derived by the method I a large anemometer' for the ' three metre 
diameter turbine (designed max imum efficiency at a tip SPeed ratio of 
six) . 
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two three metre diameter rotors. 
From Figure 9.17 it can be seen that reasonable agreement exists 
between the experimentally derived points and theoretical prediction. 
The results are also consistent with those derived by other experimental 
methods (Figures 9.9 and 9.10). For the 3 metre diameter turbine 
(designed for maximum efficiency at a tip speed ratio of six) the 
experimental points agree (Figure 9.18) with the theoretical prediction. 
9~6 Conclusions 
It has been shown that the major source of error associated with 
field test data arise from the lack of correlation between the wind 
velocity measured by an anemometer and that experienced by the turbine. 
A number of methods fOr minimising this error have been suggested and 
used to determine the performance of three horizontal - axis wind 
turbines. 
The various statistical techniques for determining the performance 
have been reviewed and extended to' include operation at a constant tip 
speed ratio. When the results ate interpreted correctly they are found 
to be consistent and in close agreement with the theoretically predicted 
performance. However, the size of the errors associated with these 
field measurements does not allow any conclusions to be made regarding 
either the tip loss model or the method of application (Chapter 2) . 
• 
Regarding the chOice of statistical procedure a number of 
conclusions can be drawn: 
a) If the number of measurements are large and they are spread over a 
range of tip speed ratios then the method of bins based on tip 
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speed ratio should be used. However care must be taken over the 
interpretation of the results. especially at the limits of the 
range. 
b) For a limited number of measurements the method of bins· based on 
velocity should be used. 
c) The method based on using the turbine to measure its own wind speed 
is particularly useful for small machines having a low moment of 
inertia. 
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Chapter 10 
Summary of conclusions and suggestions for further research pro j ects 
10. 1 Conclusions 
The main conclusions of the work described in Chapters 2-9 are 
summarised below: the following. section indicates two extensions of the 
work Which are suggested by the research. 
10.1.1 A comparison has been made of the Prandtl and Goldstein tip loss 
models. It has been shown that the difference 1n the predicted 
performance is small and therefore it is suggested the Prandtl 
model is used, purely on the basis of a significant reduction in 
the computational time. A comparison between the three methods 
of applying tip loss correction revealed that the two methods 
(linear and cyclical) which attempt to take into account the 
angular variation in the induced veloei ties predict a higher 
power coefficient than .the standard method. 
10. 1.2- A vortex-wake analysis has shown that wake expansion has little 
effect on the loads and indicates that blade-element theory 
combined With a tip loss model is adequate. The closest 
agreement between the vortex-wake analysis and the blade-element 
theory was found when tip losses were calculated from the 
Goldstein model and were applied in the standard way. 
10.1.3 The performance of near-optimum blade shapes, for both constant 
tip speed ratio and constant rotational speed operation are 
comparable with the optimum blade shape. 
Ch.10 
10.1.4 
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Turbulent variations in the wind velocity over the rotor swept 
area give rise to, a) a reduction in the available energy due to 
their incoherence and b) introduce cyclical variations in the 
aerodynamic loads at integer multiples of the blade rotational 
frequency. For a large wind turbine (60 metres in diameter) 
only 50'; of the energy contained in the turbulent component is 
available for conversion. 
10 . 1.5 When the effects of rotor inertia are included only 14% and 35% 
of the turbulent component can be extracted by a large wind 
turbine (60 metres in diameter) operating at a constant tip 
speed ratio and constant rotational speed respectively. 
10.1.6 The loads which are transferred to the supporting structure of a 
wind turbine are considerably reduced when either a teetered or 
hinged rotor configuration is used. compared with a hingeless 
(rigid) rotor. 
10. 1.7 Both the hinged and teetered rotor configurations are stable 
over a wide range of operating conditions. 
10.1.8 The most significant loads have been shown to be caused by 
turbulence and tower shadowing. 
10.1.9 A teetered, pre-coned, free~yawing, downwind rotor may have 
significant advantages over both the hinged and hingeless rotor 
configurations. 
10.1.10 The added complexity of using an anemometer to control a turbine 
to operate at a constant tip speed ratio is not warranted when a 
far simpler method using only the rotational speed gives 
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acceptable results. 
10.1.11 A six metre diameter. two-bladed. horizontal-axis wind turbine 
has been built and operated successfully with "hinged blades. 
The rotor directly dr ives a low speed permanent magnet 
alter nator. The nacelle is supported 9 metres above the ground 
on a tapered. octagonal steel tower. The fi rst natural 
frequency Of the tower is below the blade rotational frequency. 
The rotor is downwind of the tower and is free-yawing. 
10.1.12 The major source of error associated with " field test data ariSeS 
from the lack of correlation between the wind velocity measured 
4 
by an anemometer and that experienced by the tur bine. This 
error can be minimised by siting the anemometer immed iatel y 
upstream of the rotor and applying a correction factor (to take 
into aCC01.mt proximity effects) according to a distant 
anemometer. 
10. 1. 13 The performance characteristics (Cp vs. A.) of three turbines. 
derived from experimental measurements. are in close agreement 
with those predicted theoretically. 
10.2 Future research pro j ec~ 
10.2.1 The effects of ~tmospheric and machine-generated turbulence 
For large scale power gener ation it is anticipated tha.t wind 
turbines will be constructed, not in isolation, but in arrays. The 
distance between them will be determined by their mutual interaction. 
There are two possible means of interaction : 
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a) laterally separated (perpendicular to the mean flow direction) wind 
turbines may interact with each other through the so called 
'blockage' effect, i.e. the wind velocity which passes around the 
periphery of the rotor swept area Will be deviated and have an 
increased velocity. FrOm Figure 9.3 it can be seen tbat this effect 
is small for lateral separations greater than 1 rotor diameter. 
b) longitudinally separated (parallel to the mean flow direction) wind 
turbines will interact due to the wake (reduced velocity and 
increased turbulence) of the upstream turbine, acting on the 
downstream turbine. The influence of the downstream turbine on the 
upstream turbine is small (Figure 9.3) in comparison. 
It is therefore apparent that the optimum separation between wind 
turbines will be determined by the reduced velocity and turbulence 
created by the upstream turbine. The magnitude of the initial velocity 
defici t is prilll.aril y caused by the rotor thrust. However the rate at 
which the defict decays has been shown by Vermeulen (1978) and 
M11borrow (1979) to be due to, a) the ambient turbulence of the 
atmospheric boundary layer and b) the turbUlence generated by the 
turbine. 
The most interesting aspect of wake interaction is the effect of 
maChine-generated turbulence on the load 5 of the downwind turbine; 
this may prove to be a more important factor than the velocity deficit 
in determining the optimum separation. In Chapter 5 it was shown that 
atmospheric turbulence which has lateral length scales smaller than a 
rotor diameter Will introduce a periodic load ing of the blades at 
integer multiples of the blade rotational frequency. It is therefore 
important to determine. a) the lateral length scale of 
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machine-generated turbulence, b) the mechanism which produceS it (i.e. 
tip vortex, profile drag, flow separation around the nacelle or tower) 
and c) its rate of decay. 
In order to acheive this will be necessary to make. a) a detailed 
experimental study of the flow field both upstream and downstream of an 
isolated turbine and b) with two turbines, one upstream of the other. 
correlate fluctuations in the incident velocity field with strains 
appearing in the blades and supporting structure of the downwind 
turbine. 
10.2.2 The effect of tower shadow on blade l2ading 
In Chapter 6 tower shadowing was identified as an area for 
further investigation as it was shown to considerably increase the 
dynamic loading of the blades and supporting structure. In view of 
thi sit is therefore suggested that an ex perimental program of work, 
based on the measurement of the velocity field around · towers of 
different construction and its effect on the blade loading is 
undertaken. 
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Appendix A 
Blade structural ~nalysis 
A.1 Introduction 
The blades used in the experimental study were constructed from 
laminated beech. This appendix 'describes the structural analysis of 
these blades with arbitary steady loading in order that an approximate 
value of the safety factor may be derived. 
The approximate theory (Bernoulli~Euler) for bending and 
extensions of slender beams is used rather than the more exact theory of 
elasticity (e.g. Nash 1972; Timoshenko 1970) to determine the deflected 
blade shape. Torsional deformation of the blades is not considered as 
the resulting stresses are small compared with those due to 
bending (Kottapalli and friedmann 1978). 
A.2 Blade deflection 
The aerodynamic forces on a blade will introduce bending moments 
in the blade sections. These will cause the blade to deform in both the 
flapping (out-of-plane) and lagging (in-plane) directions (Figure A.1). 
Centrifugal forces now act opposing the bending mOl1lents. For blade 
deformation in the lagging plane the centrifugal force acting on the 
blade element is directe~ radially outward from the hub and therefore. 
unlike the flapping caSe. the direction, as well as the magnitude of the 
force, varies along the blade. 
The force acting on a radial element (dr,) situated at a distance 
r I from the axis of shaft rotation is composed of aerodynamic forces 
Figure A.1 Deflected blade in the lagging and flapping planes. 
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acting axially (dFz ) and tangentially (dr::;f) (equations 2.8 arid 2.9) and 
a centrifugal force acting radially. 
The bending moments of all the forces about a point Pare 
2 
- (z - z) D m r' d ... 
I I I (A. \) 
and 
Resolving these moments in the section principal axes (Figure A.2) we 
obtain 
M .. M COS (eo + R ) t M Sin (Sp t Q ) 8P ~ r rs 2 t-J-s 
and 
M ::: M COS (e + ~ ) - M Sin (Sp t pJ 2P 2 P S ~ ,....:. 
Where 9p is the angle between the chord line (line intersecting the 
leading and trailing edges) and the princip~l axes such that 
Figure A.2 Aer ofoil seotion. 
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where 
2 r H/Z.' ] 
I '- I , ij z 
I~' = moment of inertia about y'-axi.= J f Z,l d i dl/ 
AtEA 
I • .' = moment of inertia abOut z' -axis = J f !:i' 2 d z' d 1; , 
AItEA 
y.= product moment of inertia= J f Z'iJ' dz' d 8' 
A ilEA 
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(A.5) 
The deflection of "the blade is obtained by integrating the applied 
moments. Since deflections are desired in the reference axis system 
(rotor plane), the moments are transformed from the principal axes 
(after weighting With principal axes stiftnesses) to the XYZ system: 
( .11..)- ;: (M -) COS EI II 
z ZP 
(Sp + ,ss)t(t\1 sill (6p + ,s.) 
.,LjP 
CA.1) 
The deflection · in two planes z (flapping) and y (lagging) is found 
numerically by integrating 
(A.i) 
Figure A.3 Deflected blade in flapping plane. Comparison of theory and 
experimental results for a two-bladed, three metre diameter rotor 
operating at 700 rpm in a wind speed of 10 'm/s. 
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and 
(A.q) 
As both sides of' equations (A.8) and (A.9) have terms containing the 
deflection an iterative procedure is required. 
Shown in Figure A.3 are the results of this analysis when applied 
to the three metre diameter turbine (designed to operate at a tip speed 
ratio of ten, Chapter 8) operating at a tip speed ratio of ; 0.9 in a 
wind speed of 10 mls. Also shown fOr comparison are experimental 
results. These were derived from photographic plates (Plate A.1) taken 
of the blade operating in the British Aerospace Wind Tunnel (see 
Appendix B). From Figure A.3 it can be observed that the two blades 
deflect by unequal amounts and that the theoretical points lie between 
the two. This 1s thought to be due to two blades having different 
stiffnesses. 
A.3 StreSSes 
In the previous section the bending moments were resolved into 
components acting in the direction of the principal axes. This allows 
the bending stresses to be written simply as 
() ~ (11) 9 + (11.) z 
T ZP I ~ 
( A-10) 
where y and £ are the distances from the neutral axes to the aero foil 
surface. As we are interested only in an approximate value of th e 
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maximum stress it is assumed that the neutral and principal axes are 
coincident. 
The tensile stress due to centrifugal tension at a distance r 
from the axis of shaft rotation is 
(A .11) 
where As is the area of the section at r • 
The shearing. stress (van't Hul 1978) at the same location is given 
by 
(A.ll) . 
where F~ and Fz are the shearing forces in the ~. and z. directions 
respectively. 
For a given blade design and wind speed the stresSes are 
independent of the size of the machine (neglecting gravity loads). For 
a very stiff design they are proportional to the wind velocity squared 
whereas for flexible blades this is likely to represent an upper limit 
due to flexure relieving the stresses. Therefore it is possible to 
re-write equations (A.10).(A.11) and (A.12) in a non- dimensional fOrm 
(stress coefficients) 
(A.fa) 
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(A. Itt.) 
(A.I~) 
A comparison of the stress coefficients (evaluated at a wind speed 
of 8 mig) for the two three metre diameter blades with zero coning angle 
are shown in Figures A.4 and A.5. The dominant stresses are those due 
to bending about the blade chord. Due to the varying chord of the blade 
designed to operate at a tip speed ratio of ten, the maximum bending 
stress coefficient occurs not at the root as in the case of the blade 
designed to operate at a tip speed ratio at six, but at a fractional 
radius of 0.5. 
For a hingeless blade it is possible to reduce the stress levels 
by incorporating a certain amount of blade coning in the downwind 
direction (Figures A.6 and A. 7). For both blades it can be seen that 
the stress levels within the vicinity of the blade root are dependent 
strongly on the coning angle. Increasing the coning angle beyond a 
certain value causes the bending moments to change sign and elements 
which were in tension are now in compression. The angle at which this 
occurs is a function of the blade mass and loading distributions and the 
tip speed ratio. For a hinged blade the bending stresseS at the blade 
root will always be zero. 
The minimum safety factor Was determined from considering a number 
of load cases based on Poor and Hobbs (1979). For both blades the 
calCUlations were based on a fixed coning angle corresponding to zero 
Figure A.4 Stress coefficients. Comparison of stresses for a 
two-bladed rotor (desigl1ed optimum tip speed ratio of ten) with zero 
coning as a function of the non-dimensional radius . 
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Figure A.5 Stress coefficients. Comparison of stresses for a 
two-bladed rotor (designed optimt.m1 tip speed ratio of six) with zero 
coning as a function of the non-dimensional radius. 
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Figure A.6 Bending stress coefficient as a function of tne coning angle 
and non.-dimensional radius for a two-bladed rotor (designed tip speed 
ratio of ten). The dotted lines indicate that the stress has changed 
from tension to compression. 
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Figure A.7 Bending stress coefficient as a function of the coning angle 
and non-dimensional rad ius for a two-bladed rotor (designed tip speed 
ratio of six). The dotted lines indicate that the stress has changed 
from tension to compression. 
I-
Z 
W 
...... 
U 
t-f 
LL 
l.L 
L1.J 
o 
U 
V) 
In 
w 
IX 
to 
(5 
Z 
t-1 
o 
Z 
w 
OJ 
10b -
10::; 
" \ 10L. 
'\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
10 2 ---------Jl------::OJ. :5=------;::C--:-~5-:------:~C 
o 0 25 
App.A 195-
root bending moment under normal Operating conditions. For the blade 
designed to operate at a tip speed ratio of six the minimum safety 
factor was 50, whereas for the blade designed to operate at a tip speed 
ratio of ten it was 10. Both of these results are likely to be 
'%. pessimistic, as a comparati vel y low val ue of 60 N/mm was taken for the 
tensile strength of beech. 
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Pro posal for wind tunnel tests of two 3-metre diameter 
horizontal-axis wind turbines at British Aerospace, Filton 
196 
1. Program of tests 
The suggested measurements fall under three broad headings 
which are detailed below. With the exception of (a) (1), all the 
experiments are to be carried out on the more efficient of the two 
rotors only. 
(a) POWer measurements 
(i) For a fixed wind speed of 8 mls determine the Cp of both 
rotors at ten values ot the tip speed ratio in the range 1.5 
to 15, and the torque with the rotors stationary. 
(11) For the more efficient rotor, as determined in (i) above. 
repeat the measurement at wind speeds of 5 mls and 10 m/s. 
(iii) For the more efficient rotor. as determined in (i) above. 
allow it to accelerate from rest unloaded and measure the 
angular velocity and acceleration for wind speeds of 5 mls and 
10 mls. 
(b) Detailed flow measurements around the rotor 
(i) Obtain radial profiles at 9 locations; 0.3, 0.45. 0.6, 0.7. 
0.8,0.9.0.95,0.975. 1.025R of the air pressure, air stream 
velocity, direction and turbulence immediately upstream (0.5m) 
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and downstream (0. 15m) of the blade. the data to be recorded 
at 18 increments of blade rotation. The total head pressure 
measurement should be made on a highly sensi ti ve pressure 
transducer in conjunction with an integrating circuit. The 
total number of recording channels available. six, constrains 
the number of velocity/direction probes which can be monitored 
simul taneously to 3. It is therefore suggested that 
measurements should be carried out at three radial stations at 
a time correspondln~ to; 
a. 0 • 3. O. 7. 0 • 95 R 
b. 0.45. 0.8 t 0.975R 
c. 0.6. 0.9, 1. 025R 
The measurements should be made at a wind speed of 10 mls and 
for three tip speed ratios spanning the optimum value. 
(ii) For a wind speed of 10 mls arid the optimum value of the tip 
speed ratio. determine the mean value of tne wind velocity 
along a horizontal radius at three upstream and three 
downstream locations; 1.0. 2.0. 3.0m from the rotor hub. The 
radial stations shall be the same as in (b) (1) above. 
(c) Measurement of the power output and torque about the veer axis as 
a function of yaw angle 
(i) For a wind speed of 10 rn/ s and at three ven ues of tip speed 
ratio in the range 1.5 to its free running speed. Record 
power output and torque about the veer axis when the turbine 
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is orientated at angles of 0, 5, 10, 15, 45. and 60 degrees 
with respect to the wind direction. Measurements should be 
carr i ed out for both posi ti ve and negative yaw angles to 
resolve effects of tunnel flow asymmetries. 
2. Blade mounting 
Both rotors shall be supplied to British Aerospace prior to 
the tests mounted on individual bosses. The bosses have been 
designed to accept a No. 30 International taper. The blades shall 
be mounted in the bosses with a coning angle of 5 degrees. 
Relative humidity. ambient temperature and pressure should be 
monitored at all times and a record kept. 
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The effects of non-axial flow on the aerod ynamic efficienc y 
c. 1 Introduction 
Under normal operating conditions a turbine is subjected to 
non-axial flow due to changes in wind direction which the turbine can 
not follow. It has also been proposed (Swift ... Hook and Taylor 1978) to 
use turbines with a £'i xed orientation when there is a prev a11 ing wind 
direction. To assess the power output of a turbine under both 
circumstances it is important to know how its performance varies when 
yawed out of the original wind direction·. 
the current theory is based on blade-element theory (Chapter 2) 
which takes into account tip losses and profile drag. An attempt is 
made to copy the procedure used in the case of a uniform wind velocity 
over the swept area, 1.e. to evaluate the force components for an 
indi vidual streamtube both by momentum considerations and by the fl ow 
over the blade element. In 1;;his model the individual streamtubes will 
no longer be taken as annuli. but as radial elements subtended by a 
small angle in the plane of the rotor'. It is aSsumed that the 
streamtubes do not interact and that the induced velocities at the blade 
are hal f those in the tar wake for the SamE! streamtube. It is noted 
that the assumption of non-interacting streamtubes and radial 
independence will be incorrect. However, it is believed that the 
results will be qualitatively correct and can be taken as representative 
of the real situation. For each streamtube the induced velocities are 
determined and the average efficiency calculated for one rotational 
. - - - - - - - - - - - - - - - - - - - - - - - - -
*' See Appendix B. 
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C.2 Velocity com ponents at the blade 
Before being able to calculate the forces and induced velocities 
at a blade element, it is necessary to derive the velocity components of 
the air flow relative to any point on the blade. 
The final reference frame is a set of orthogonal axes fixed 
relative to the blade such that the i l axis is along the span, jl in the 
direction of rotation, and k\ being perpendicular to i l and j. as shown 
in Figure C. 1. The blade is shown at a coning angle ~ The 
undisturbed flow can be expressed in the coordinate system (ia .ja ,k3 ). 
defined in Figure C.2 
V = 
-w - V ~i" YJ' + Vcr. cos r R 00 -s -3 
Transforming into the coordinate system (i2 .j2,k2 ) shown in Figure C.2 
= - Ve,o ein '( Sin e ~ -~ Sin 'if Cos e J t ~ Cos 'I k 
-:I, -1-2, 
The rotational motion of the blade will add a velocity component fl r~ 
in the direction ~, the induced velocity components v and w in the jz 
and k2 directions respectively. Then writing W for the total velocity 
vector relative to the blade, we have 
w = V ~ 
"1-, -t V. J + VR, ~ I J, _, 
where 
• 
v. 
k 
2,3 
Figure C.l 
n 
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v = - VC4 si", 't Sit\ €I COS ~ T VoD Cos Y Sirl ~ - V sin ~ 
~ I 
~ I : - Voo Sin r cos e - [2 r L - W 
V)tl = Vol Sin ¥ Sin e Silll ~ + Voo cos '( cos J3 - V COS 13 
By defining 
v 
-----> 
..... 1 
a = W j 
Vao CoS Y ~ Sin," cos e-fl r~ VOD 
and assuming that 
t.a n r 51 n e < Cos ~ ( ~ - a) 
a similar technique can be used for solving for a and a' as used in 
Chapter 2 for a and aft i.e. 
0: = <s CL COS t' 
I - a 4- F 00.-; ~ (Sin ~ 
and 
AI 
a 
.. cr CL. 
\ + 0' 4-Fcos9 
where 
ta~ 1> -- _(.J....:.1 ...... -. ...=6:::..L) ___ --. 
(tan r cos 9 - XA)( 1+ 0') 
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C.3 Performance 
The results of using this model on the blade configuration used in 
Chapter 2 (two-bladed rotor with optimum efficiency at a tip speed ratio 
of nine) are shOwn in Figure C.3. The power coefficient is defined as 
POWER 
This figure shows the power coefficient (Cp ) as a function of both the 
yaw angle (I) and the tip speed ratio (A) for zero coning (~ =0). The 
maximum power coefficients are Seen to lie on a curve close to cos 't 
cubed 'while the corresponding tip speed ratio varies approximately as 
cos'(. It is interesting to note that the power coefficient at low tip 
speed ratios and yaw angles fall outside the envelope of the maximum 
power coefficient for zero yaw. 
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